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♣r❡t✐♥❣ ♣r♦❜❛❜✐❧✐st✐❝ ♣r♦❣r❛♠s ♦❢ ❛ ❣✐✈❡♥ t②♣❡ A ❛s st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s ♦♥ t❤❡ ♣❧❛②s ♦❢ t❤❡ ❣❛♠❡
❛ss♦❝✐❛t❡❞ ✇✐t❤ A✳ ❚❤✐s ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t✉✐t✐♦♥ ✐s ♣❡r❢❡❝t❧② ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ st❛♥❞❛r❞ ❣❛♠❡ ✐♥✲
t❡r♣r❡t❛t✐♦♥ ❛♥❞ ✐ts ♥♦♥✲❞❡t❡r♠✐♥✐st✐❝ ✈❡rs✐♦♥ ❞❡✈❡❧♦♣❡❞ ✐♥ ❬❍▼✾✾❪✱ ❛♥❞ t❤❡ ❢❛❝t♦r✐③❛t✐♦♥ ❛♥❞ ❢✉❧❧
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❡①t❡♥❞❡❞ t♦ t❤✐s ♣r♦❜❛❜✐❧✐st✐❝ s❡tt✐♥❣✳
❚❤❡r❡ ✐s ❤♦✇❡✈❡r ❛♥♦t❤❡r tr❛❞✐t✐♦♥ ✐♥ t❤❡ ❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ ❢✉♥❝t✐♦♥❛❧ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡s
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✶❚❤❡ ✈❡r② ✐❞❡❛ ♦❢ ❣❛♠❡ s❡♠❛♥t✐❝s ✐s t♦ ❣✐✈❡ ❛♥ ❛❝❝♦✉♥t ♦❢ ❡①❡❝✉t✐♦♥ ❛t ❛❧❧ t②♣❡s ✐♥ t❡r♠s ♦❢ ❣r♦✉♥❞ t②♣❡ ❡❧❡♠❡♥t❛r②
✐♥t❡r❛❝t✐♦♥s✱ ❥✉st ❛s ❝♦♠♣✐❧❛t✐♦♥ ❝♦♥s✐sts ✐♥ tr❛♥s❢♦r♠✐♥❣ ❛♥ ❛❜str❛❝t ♣r♦❣r❛♠ ✐♥t♦ ❛ s❡q✉❡♥❝❡ ♦❢ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s ❛❝t✐♥❣
♦♥ ❡❧❡♠❡♥t❛r② t♦❦❡♥s✳ ❚❤✐s ♦♣❡r❛t✐♦♥❛❧ ✈✐❡✇♣♦✐♥t ♦♥ ❣❛♠❡s ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❬❉❍❘✾✻❪✳
✶
❜❡✐♥❣ ♦r❞❡r❡❞ ✉♥❞❡r ✐♥❝❧✉s✐♦♥✳ ❚❤✐s ✇❡❜ ✐s ✉s✉❛❧❧② ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡ ✭❛ ❜✐♥❛r② ❣r❛♣❤
str✉❝t✉r❡ ❢♦r ❝♦❤❡r❡♥❝❡ s♣❛❝❡s✱ ❛ ❤②♣❡r❣r❛♣❤ str✉❝t✉r❡ ❢♦r ❤②♣❡r❝♦❤❡r❡♥❝❡s✳ ✳ ✳ ✮ ✇❤✐❝❤ ✐s ✉s❡❞ ❢♦r ❞❡✜♥✐♥❣
✇❤✐❝❤ s✉❜s❡ts ♦❢ t❤❡ ✇❡❜ ❛r❡ ❝❧✐q✉❡s✳
❚❤❡s❡ ✇❡❜✲❜❛s❡❞ ♠♦❞❡❧s ♣r♦✈✐❞❡ ✐♥t❡r♣r❡t❛t✐♦♥s ♦❢ ❢✉♥❝t✐♦♥❛❧ ❧❛♥❣✉❛❣❡s ❛♥❞ ✐♥t✉✐t✐♦♥✐st✐❝ ❧♦❣✐❝ ♣r♦♦❢s✱
♦❢ ❝♦✉rs❡✱ ❜✉t ❛❧s♦ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ❬●✐r✽✼❪✳ ❚❤♦✉❣❤ ♠✉❝❤ ❧❡ss s✉❝❝❡ss❢✉❧ t❤❛♥ ❣❛♠❡ ♠♦❞❡❧s ✐♥ t❡r♠s ♦❢ ❢✉❧❧
❝♦♠♣❧❡t❡♥❡ss✱ t❤❡② ❤❛✈❡ ❜❡❡♥ ♣♦✇❡r❢✉❧ t♦♦❧s ❢♦r ❞✐s❝♦✈❡r✐♥❣ ♥❡✇ s②♥t❛①❡s✿ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s ♣❧❛②❡❞ ❛♥
❡ss❡♥t✐❛❧ r♦❧❡ ✐♥ t❤❡ ❞✐s❝♦✈❡r② ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✳
❆❞❞✐♥❣ ♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥ts t♦ s✉❝❤ ✇❡❜❜❡❞ ♦❜❥❡❝ts ❜② r❡♣❧❛❝✐♥❣ s✉❜s❡ts ✭❝❧✐q✉❡s✮ ❜② s❝❛❧❛r ✈❛❧✉❡❞
❢✉♥❝t✐♦♥s ❞❡✜♥❡❞ ♦♥ t❤❡ ✇❡❜ ✐s ❛ ♥❛t✉r❛❧ st❡♣ t♦ t❛❦❡✳ ✳ ✳ ❛♥❞ ✐t ❤❛s ❜❡❡♥ t❛❦❡♥ ❜② ●✐r❛r❞ ❡✈❡♥ ❜❡❢♦r❡
❤❡ ❞✐s❝♦✈❡r❡❞ q✉❛❧✐t❛t✐✈❡ ❛♥❞ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s✳ ■♥ ❬●✐r✽✽❪✱ ❤❡ ✐♥t❡r♣r❡t❡❞ ❡❛❝❤ t②♣❡ A ❛s ❛ s❡t ✭❛ ✇❡❜✮✱
❛♥❞ ❡❛❝❤ ❝❧♦s❡❞ ♣r♦❣r❛♠ ♦❢ t②♣❡ A ❛s ❛ ♠❛♣ ❢r♦♠ t❤❛t ✇❡❜ t♦ s❡ts✱ t♦ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ♣♦ss✐❜❧② ✐♥✜♥✐t❡
♥✉♠❡r✐❝❛❧ ❝♦❡✣❝✐❡♥ts✳ ❆❞❞✐♥❣ str✉❝t✉r❡s t♦ t❤❡s❡ ✇❡❜s✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❦❡❡♣ t❤❡s❡ ❝♦❡✣❝✐❡♥ts ✜♥✐t❡✱ ❛s
s❤♦✇♥ ✐♥ ❬❊❤r✵✷✱ ❊❤r✵✺❪✳ ❚❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡s❡ ❧❛tt❡r ❝♦♥str✉❝t✐♦♥s ✐s ♣❡r✈❛s✐✈❡ ✐♥ ❧✐♥❡❛r ❧♦❣✐❝✿ ❡✈❡r②t❤✐♥❣
✐s ❞❡✜♥❡❞ ✐♥ t❡r♠s ♦❢ ❛ ❢✉♥❞❛♠❡♥t❛❧ ❧✐♥❡❛r ❞✉❛❧✐t②✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r ❞❡✜♥✐♥❣ r❡❛❧ ❑öt❤❡ s♣❛❝❡s✱ ❣✐✈❡♥ ❛
s❡t I ✭❛ ✇❡❜✮✱ ♦♥❡ s❛②s t❤❛t x ∈ RI ❛♥❞ x′ ∈ RI ❛r❡ ✐♥ ❞✉❛❧✐t② ✐❢ ∑i∈I |xix′i| < ∞✳ ❆♥❞ t❤❡♥ ❛ ❑öt❤❡
s♣❛❝❡ ♦❢ ✇❡❜ I ✐s ❛ s❡t ♦❢ ❡❧❡♠❡♥ts ♦❢ RI ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ ✐ts ❜✐❞✉❛❧✳
❆s ❜r✐❡✢② ❡①♣❧❛✐♥❡❞ ✐♥ ❬●✐r✵✹❪✱ ✐t ✐s q✉✐t❡ ♥❛t✉r❛❧ t♦ ❣✐✈❡ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✢❛✈♦✉r t♦ t❤❡ ❞❡✜♥✐t✐♦♥ ❛❜♦✈❡
❜② s❧✐❣❤t❧② ♠♦❞✐❢②✐♥❣ t❤❡ ❞✉❛❧✐t②✳ ❙✐♥❝❡ ♣r♦❜❛❜✐❧✐t✐❡s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡ ♥✉♠❜❡rs ✐t ✐s r❡❛s♦♥❛❜❧❡ t♦ r❡str✐❝t
t♦ xs ❜❡❧♦♥❣✐♥❣ t♦ (R+)I ✱ ❛♥❞ t♦ s❛② t❤❛t x ∈ (R+)I ❛♥❞ x′ ∈ (R+)I ❛r❡ ✐♥ ❞✉❛❧✐t② ✐❢∑i∈I xix′i ≤ 1✳ ❚❤✐s
❛♣♣❡❛rs ❛s ❛ ♥❛t✉r❛❧ ✏❢✉③③②✑ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s✱ ✐❢ ♦♥❡ ❦❡❡♣s ✐♥ ♠✐♥❞ t❤❛t ❛ ❝♦❤❡r❡♥❝❡
s♣❛❝❡ ♦❢ ✇❡❜ I ❝❛♥ ❡q✉✐✈❛❧❡♥t❧② ❜❡ ❞❡✜♥❡❞ ❛s ❛ s❡t ♦❢ s✉❜s❡ts ♦❢ I ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ ✐ts ❜✐❞✉❛❧ ❢♦r t❤❡
❢♦❧❧♦✇✐♥❣ ♥♦t✐♦♥ ♦❢ ❞✉❛❧✐t②✿ u ⊆ I ❛♥❞ u′ ⊆ I ❛r❡ ✐♥ ❞✉❛❧✐t② ✐❢ u∩u′ ❤❛s ❛t ♠♦st ♦♥❡ ❡❧❡♠❡♥t✳ ❚❤❡r❡❢♦r❡✱
t❤❡s❡ ♥❡✇ ♦❜❥❡❝ts ❛r❡ ❝❛❧❧❡❞ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s ✭P❈❙s ❢♦r s❤♦rt✮✳ ❚❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✭⊗ ❛♥❞
 ✮ ❛♥❞ ❛❞❞✐t✐✈❡ ✭⊕ ❛♥❞ &✮ ❝♦♥str✉❝t✐♦♥s ♦♥ P❈❙s ❛r❡ ♣r❡s❡♥t❡❞ ✐♥ ❬●✐r✵✹❪✳ ❲❡ s❤♦✇ t❤❛t P❈❙s✱ ✇✐t❤
s✉✐t❛❜❧② ❞❡✜♥❡❞ ♠♦r♣❤✐s♠s✱ ♣r♦✈✐❞❡ ❛ ♠♦❞❡❧ ♦❢ ❢✉❧❧ ❝❧❛ss✐❝❛❧ ❧✐♥❡❛r ❧♦❣✐❝✱ ❛♥❞ ❤❡♥❝❡ ❛ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞
❝❛t❡❣♦r② ✭t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ❝♦♠♦♥❛❞✮✳
❆❧t❤♦✉❣❤ t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ P❈❙s ❛♥❞ ♦❢ ❑öt❤❡ s♣❛❝❡s ❛r❡ ❢♦r♠❛❧❧② s✐♠✐❧❛r✱ ✇❡ s❤❛❧❧ s❡❡ t❤❛t t❤❡ t✇♦
♥♦t✐♦♥s ❤❛✈❡ q✉✐t❡ ❞✐✛❡r❡♥t ♣r♦♣❡rt✐❡s✱ ✐♥ ♣❛rt✐❝✉❧❛r✿
• ❏✉st ❛s ✐♥ t❤❡ ♣♦✇❡r❞♦♠❛✐♥ ❛♥❞ ❣❛♠❡ ❛♣♣r♦❛❝❤❡s✱ ❡❛❝❤ P❈❙ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❝♦♥t✐♥✉♦✉s ❞♦♠❛✐♥✱
❛♥❞ ♠♦r♣❤✐s♠s ✐♥ t❤❡ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r② ♦❢ P❈❙s ❛r❡ ❙❝♦tt✲❝♦♥t✐♥✉♦✉s ❛♥❞ ❛❞♠✐t t❤❡r❡❢♦r❡
✜①♣♦✐♥ts✳ ❙♦✱ ❣❡♥❡r❛❧ r❡❝✉rs✐♦♥ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ✐♥ P❈❙s✱ ✇❤❡r❡❛s t❤✐s ✐s ✐♠♣♦ss✐❜❧❡ ✐♥ t❤❡ ❈❈❈
♦❢ ❑öt❤❡ s♣❛❝❡s✳
• ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝♦❝♦♥tr❛❝t✐♦♥ r✉❧❡ ♦❢ ❞✐✛❡r❡♥t✐❛❧ ❧✐♥❡❛r ❧♦❣✐❝ ❬❊❤r✵✷✱ ❊❘✵✻❪ ❝❛♥ ❜❡ ✐♥t❡r✲
♣r❡t❡❞ ✐♥ ❑öt❤❡ s♣❛❝❡s ✇❤❡r❡❛s ✐t ❝❛♥♥♦t ✐♥ P❈❙s✳
■t ✐s t❤❡r❡❢♦r❡ ♣♦ss✐❜❧❡ t♦ ✐♥t❡r♣r❡t ❛ ♣r♦❜❛❜✐❧✐st✐❝ ✈❡rs✐♦♥ PP❈❋ ♦❢ P❈❋ ❬P❧♦✼✼❪✱ ✇❤❡r❡ t❤❡ ❧❛♥❣✉❛❣❡ ✐s
❡①t❡♥❞❡❞ ✇✐t❤ ❛ ♣r♦❣r❛♠♠✐♥❣ ♣r✐♠✐t✐✈❡✱ ✇❤✐❝❤ r❛♥❞♦♠❧② ②✐❡❧❞s ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ✇✐t❤ ❛ ♣r❡s❝r✐❜❡❞
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ t❤❡ ❣r♦✉♥❞ t②♣❡ ♦❢ ✐♥t❡❣❡rs ✐s ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ s❡t ♦❢ ♥❛t✉r❛❧
♥✉♠❜❡rs✱ t♦❣❡t❤❡r ✇✐t❤ ❛❧❧ t❤❡ ❢❛♠✐❧✐❡s x ∈ (R+)N s✉❝❤ t❤❛t ∑n∈N xn ≤ 1✱ t❤❛t ✐s✱ ❛❧❧ s✉❜✲♣r♦❜❛❜✐❧✐t②
❞✐str✐❜✉t✐♦♥s ♦♥ N✳ ❚❤✐s ✐s✱ ♠✉t❛t✐s ♠✉t❛♥❞✐s✱ t❤❡ s❛♠❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♥❛t✉r❛❧ ♥✉♠❜❡rs ❛s ✐♥ t❤❡
♣r♦❜❛❜✐❧✐st✐❝ ❣❛♠❡ ♠♦❞❡❧ ♦❢ ❬❉❍✵✵❪✳ ❇✉t✱ ✐♥ s❤❛r♣ ❝♦♥tr❛st ✇✐t❤ t❤❛t ♣r♦❜❛❜✐❧✐st✐❝ ❣❛♠❡ ✐♥t❡r♣r❡t❛t✐♦♥✱
✐♥ P❈❙s✱ t❤❡ s✐♠♣❧❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t✉✐t✐♦♥ ✐s ❧♦st ❛t ❤✐❣❤❡r t②♣❡s✷✿ t❤❡ ❢❛♠✐❧✐❡s ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧
♥✉♠❜❡rs ✐♥t❡r♣r❡t✐♥❣ t❡r♠s ❛t ❤✐❣❤❡r t②♣❡s ❛r❡ ♥♦ ♠♦r❡ s✉❜✲♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ✐♥ ❣❡♥❡r❛❧✳
❲❡ ❝❤♦♦s❡ t❤❡ ❧❡❢t♠♦st✲♦✉t❡r♠♦st r❡❞✉❝t✐♦♥ str❛t❡❣② ❛s ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ❢♦r PP❈❋✳ ❲❡ s❤♦✇
✜rst t❤❛t✱ ✐♥ s♦♠❡ ♣r❡❝✐s❡ s❡♥s❡✱ t❤❡ s❡♠❛♥t✐❝s ♦❢ t❡r♠s ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r r❡❞✉❝t✐♦♥✳ ❚❤✐s r❡s✉❧t ❝♦✉❧❞
❡❛s✐❧② ❜❡ ❣❡♥❡r❛❧✐③❡❞ t♦ ❛r❜✐tr❛r② r❡❞✉❝t✐♦♥s ✭♥♦t ♦♥❧② t❤♦s❡ ♦❢ ♦✉r str❛t❡❣②✮✱ ✇✐t❤ t❤❡ ♣r♦✈✐s♦ ❤♦✇❡✈❡r
t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ r❡❞✉❝t✐♦♥ r✉❧❡ s❤♦✉❧❞ ❜❡ ❛♣♣❧✐❡❞ ♦♥❧② ✇❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ r❡❞❡① st❛♥❞s ✐♥ ❧✐♥❡❛r
♣♦s✐t✐♦♥ ✭t②♣✐❝❛❧❧② ✐♥ ❤❡❛❞ ♣♦s✐t✐♦♥✮✳ ❚❤✐s ✐s q✉✐t❡ ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ s✐t✉❛t✐♦♥ ✐♥ ♦t❤❡r ♣r♦❜❛❜✐❧✐st✐❝
❧❛♠❜❞❛✲❝❛❧❝✉❧✐✱ s✉❝❤ ❛s t❤❡ ♦♥❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬❉P❍❲✵✺❪✱ ✇❤❡r❡ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ r❡❞✉❝t✐♦♥ ❝❛♥ ❜❡
♣❡r❢♦r♠❡❞ ❛t ❛♥② ♣❧❛❝❡ ✐♥ ❛ t❡r♠✳
✷❚❤✐s ♣❤❡♥♦♠❡♥♦♥ ✐s ♥♦t ♥❡✇✳ ❋♦r ✐♥st❛♥❝❡✱ ✐♥ t❤❡ ❤②♣❡r❝♦❤❡r❡♥❝❡ ♠♦❞❡❧ ♦❢ ❬❊❤r✾✸❪✱ str♦♥❣❧② st❛❜❧❡ ❢✉♥❝t✐♦♥s ❜❡t✇❡❡♥
♣r♦❞✉❝ts ♦❢ ❣r♦✉♥❞ t②♣❡s ❛r❡ s❡q✉❡♥t✐❛❧✱ ✇❤❡r❡❛s ❛t ❤✐❣❤❡r t②♣❡s✱ t❤❡r❡ ✐s ♥♦ s✐♠♣❧❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ str♦♥❣ st❛❜✐❧✐t② ✐♥
t❡r♠s ♦❢ s❡q✉❡♥t✐❛❧✐t②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐♥ ❣❛♠❡✲t❤❡♦r❡t✐❝ ♠♦❞❡❧s✱ s✉❝❤ ❛s t❤❡ s❡q✉❡♥t✐❛❧ ❛❧❣♦r✐t❤♠s ♠♦❞❡❧ ♦❢ ❇❡rr② ❛♥❞
❈✉r✐❡♥ ❬❇❈✽✷❪✱ t❤❡ s❡q✉❡♥t✐❛❧✐t② ✐♥t✉✐t✐♦♥s ❛r❡ ♣r❡s❡r✈❡❞ ❛t ❛❧❧ t②♣❡s✱ ❜✉t t❤❡s❡ ♠♦❞❡❧s ❛r❡ ✏❧❡ss ❛❜str❛❝t✑ ✐♥ t❤❡ s❡♥s❡ t❤❛t
t❤❡② ❦❡❡♣ ♠♦r❡ ✐♥❢♦r♠❛t✐♦♥s ♦♥ t❤❡ ✐♥t❡r♣r❡t❡❞ ♣r♦❣r❛♠s✳
✷
◆❡①t✱ ✇❡ s❤♦✇ t❤❛t P❈❙s ❤❛✈❡ ♥❡✈❡rt❤❡❧❡ss ❛ ❝❧❡❛r ♣r♦❜❛❜✐❧✐st✐❝ ♠❡❛♥✐♥❣✳ ❲❡ ♣r♦✈❡ t❤❛t t❤❡ ✐♥t❡r✲
♣r❡t❛t✐♦♥ ♦❢ ❛ ❝❧♦s❡❞ PP❈❋ t❡r♠ M ♦❢ t②♣❡ ✐♥t❡❣❡r ✐s t❤❡ s✉❜✲♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ✐♥t❡❣❡rs
♠❛♣♣✐♥❣ n t♦ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t M r❡❞✉❝❡s t♦ n ✭t❤❡ ✐♥t❡❣❡r n ♦❢ t❤❡ ❧❛♥❣✉❛❣❡✮✱ ✐♥ ♦✉r ❧❡❢t♠♦st ♦✉t✲
❡r♠♦st str❛t❡❣②✱ ♣r❡s❡♥t❡❞ ✐♥ ❛ s♠❛❧❧ st❡♣ ✇❛②✱ ❛s ❛ st♦❝❤❛st✐❝ ♠❛tr✐① ♦♥ t❡r♠s✱ t❤❛t ✐s✱ ❛s ❛ ▼❛r❦♦✈
♣r♦❝❡ss✸✳ ❚❤❡ ♣r♦♦❢ ✐s ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ P❧♦t❦✐♥✬s ❧♦❣✐❝❛❧ r❡❧❛t✐♦♥ ♣r♦♦❢ ♦❢ ❛❞❡q✉❛t✐♦♥ ❢♦r t❤❡ ❙❝♦tt✬s
s❡♠❛♥t✐❝s ♦❢ P❈❋ ✐♥ ❬P❧♦✼✼❪✳ ■t ✐s ❝❡rt❛✐♥❧② ❛♥ ❡①❝✐t✐♥❣ ❝❤❛❧❧❡♥❣❡ t♦ tr② t♦ ✉♥❞❡rst❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝
♠❡❛♥✐♥❣ ♦❢ P❈❙s ❛t ❤✐❣❤❡r t②♣❡s✳ ❖♥❡ ❝♦✉❧❞ ♣r♦❜❛❜❧② ❛❞❞r❡ss t❤✐s ✐ss✉❡ ❜② ❞❡✜♥✐♥❣ ❛ ❧♦❣✐❝❛❧ r❡❧❛t✐♦♥
❜❡t✇❡❡♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ❣❛♠❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ♣r❡s❡♥t P❈❙ ♠♦❞❡❧✱ ❜✉t t❤✐s ✐s ♣♦st♣♦♥❡❞ t♦ ❢✉t✉r❡ ✇♦r❦✳
■♥tr♦❞✉❝✐♥❣ ❛ ♥♦t✐♦♥ ♦❢ s✉❜str✉❝t✉r❡ ❢♦r P❈❙s✱ ❛ ✈❡r② r❡str✐❝t✐✈❡ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ❢♦r ✇❤✐❝❤ P❈❙s
❛r❡ ❝❧♦s❡❞ ✉♥❞❡r ❞✐r❡❝t❡❞ ❝♦❧✐♠✐ts✱ ❛♥❞ s❤♦✇✐♥❣ t❤❛t t❤❡ ❧♦❣✐❝❛❧ ❝♦♥str✉❝t✐♦♥s ❛r❡ ❝♦♥t✐♥✉♦✉s ✇rt✳ t❤❡s❡
❝♦❧✐♠✐ts✱ ✇❡ s❤♦✇ t❤❛t ❛❧❧ t②♣❡s ❛❞♠✐t ❧❡❛st ✜①♣♦✐♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❡①❤✐❜✐t ❛ P❈❙ str✉❝t✉r❡ ♦♥ ❛
r❡❧❛t✐♦♥❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ♣✉r❡ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s t❤❛t t❤❡ s❡❝♦♥❞ ❛✉t❤♦r r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ✇✐t❤ ❇✉❝❝✐❛r❡❧❧✐
❛♥❞ ▼❛♥③♦♥❡tt♦ ❬❇❊▼✵✼✱ ❇❊▼✵✽❪✳
▲❛st✱ ✇❡ s✉❣❣❡st ❛♥ ✐♥tr✐♥s✐❝✹ ✈❡rs✐♦♥ ♦❢ t❤✐s s❡♠❛♥t✐❝s✱ ❛ss♦❝✐❛t✐♥❣ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ✇✐t❤ ❛♥② P❈❙✱ ❛♥❞
s❤♦✇✐♥❣ t❤❛t P❈❙ ♠♦r♣❤✐s♠s ❣✐✈❡ r✐s❡ t♦ ❧✐♥❡❛r ❛♥❞ ❝♦♥t✐♥✉♦✉s ♠❛♣s ❜❡t✇❡❡♥ t❤❡ ❛ss♦❝✐❛t❡❞ ❇❛♥❛❝❤
s♣❛❝❡s✳ ❚❤✐s ❞❡✜♥❡s ❛ ❢✉♥❝t♦r ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ P❈❙s t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ❝♦❤❡r❡♥t ❇❛♥❛❝❤ s♣❛❝❡s
♦❢ ❬●✐r✾✾❪✺✳ ❲❡ s❤♦✇ ❤♦✇❡✈❡r t❤❛t t❤✐s ❢✉♥❝t♦r ✐s ♥♦t ❢✉❧❧✱ ❛♥❞ ♣r♦♣♦s❡ t♦ ❝♦♥s✐❞❡r ♦r❞❡r❡❞ ❇❛♥❛❝❤
s♣❛❝❡s ✭❛♥ ♦r❞❡r❡❞ ❇❛♥❛❝❤ s♣❛❝❡ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ t♦❣❡t❤❡r ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ❝♦♥❡ t❤❡r❡♦❢✮ ❛s ❛ ♣♦ss✐❜❧❡
✐♥tr✐♥s✐❝ ✈❡rs✐♦♥ ♦❢ P❈❙s✳ ❚❤❡s❡ ♦❜❥❡❝ts ✐♥❞❡❡❞ ❝♦♠❜✐♥❡ t❤❡ ❛❧❣❡❜r❛✐❝ ❛♥❞ t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦❢ ❇❛♥❛❝❤
s♣❛❝❡s ✇✐t❤ t❤❡ ♦r❞❡r✲t❤❡♦r❡t✐❝ ❢❡❛t✉r❡s ♦❢ ❝♣♦s✱ ❜✉t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ t❤❡♦r❡t✐❝❛❧ ✐♥✈❡st✐❣❛t✐♦♥s ❛r❡
♣♦st♣♦♥❡❞ t♦ ❢✉rt❤❡r ✇♦r❦✳
◆♦t❛t✐♦♥s
❲❡ ✉s❡ N ❢♦r t❤❡ s❡t ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡rs✱ N+ ❢♦r t❤❡ s❡t ♦❢ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✭N+ = N\{0}✮✳ ■❢ A ✐s ❛
s❡t✱Mfin(A) ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✜♥✐t❡ ♠✉❧t✐s❡ts ♦♥ A✳ ❲❡ ✉s❡ [a1, . . . , an] ❢♦r t❤❡ ♠✉❧t✐s❡t ✇❤♦s❡ ❡❧❡♠❡♥ts
❛r❡ a1, . . . , an✱ t❛❦✐♥❣ ♠✉❧t✐♣❧✐❝✐t✐❡s ✐♥t♦ ❛❝❝♦✉♥t ❛♥❞ ✇❡ ✉s❡ m +m
′ ❢♦r t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ♠✉❧t✐s❡ts
m ❛♥❞ m′✳ ❲❡ ❞❡♥♦t❡ ❜② δa,b t❤❡ ❑r♦♥❡❝❦❡r s②♠❜♦❧✱ ✇❤♦s❡ ✈❛❧✉❡ ✐s 1 ✐❢ a = b✱ ❛♥❞ 0 ♦t❤❡r✇✐s❡✳
❲❡ ❡①t❡♥❞ t❤❡ ♦r❞✐♥❛r② ♦♣❡r❛t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥s ♦♥ r❡❛❧ ♥✉♠❜❡rs t♦ ❢❛♠✐❧✐❡s ♦❢ r❡❛❧ ♥✉♠❜❡rs✱ ♣♦✐♥t✲
✇✐s❡✳ ❋♦r ✐♥st❛♥❝❡✱ ✐❢ x ∈ RA✱ ✇❡ ✉s❡ |x| ❢♦r t❤❡ ❢❛♠✐❧② (|xa|)a∈A ♦❢ ❛❜s♦❧✉t❡ ✈❛❧✉❡s✳
❲❡ ❞❡♥♦t❡ ❜② R+ t❤❡ s❡t ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ♥✉♠❜❡rs✱ ❛♥❞ ❜② R+ = R+ ∪ {∞} t❤❡ ❝♦♠♣❧❡t❡❞
♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ❤❛❧❢✲❧✐♥❡✱ ✇❤✐❝❤ ✐s ❛ r✐❣✳ ❘❡♠❡♠❜❡r t❤❛t✱ ✐♥ t❤❛t r✐❣✱ 0×∞ = 0✳
❈♦♥t❡♥ts
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✶ Pr♦❜❛❜✐❧✐st✐❝ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s
✶✳✶ ●❡♥❡r❛❧ ❞❡✜♥✐t✐♦♥s
✶✳✶✳✶ ❇❛s✐❝ ❞✉❛❧✐t②✳ ▲❡t A ❜❡ ❛ s❡t✳ ❲❡ ❞❡♥♦t❡ ❜② ea t❤❡ ❡❧❡♠❡♥t ♦❢ (R
+)A ❞❡✜♥❡❞ ❜② (ea)a′ = δa,a′ ✳
●✐✈❡♥ a ∈ A✱ ✇❡ ❞❡✜♥❡ πa : (R+)A → R+ ❜② πa(x) = xa✳
■❢ x, x′ ⊆ (R+)A✱ ✇❡ s❡t
〈x, x′〉 =
∑
a∈A
xax
′
a ∈ R+ .
■❢ P ⊆ (R+)A✱ ❧❡t
P⊥ = {x′ ∈ (R+)A | ∀x ∈ P 〈x, x′〉 ≤ 1} .
❚❤✐s s❡t ❝♦✉❧❞ ❜❡ ❝❛❧❧❡❞ t❤❡ ♣♦❧❛r ♦❢ P ✳
❖♥❡ ❝❤❡❝❦s ❡❛s✐❧② t❤❛t P ⊆ Q⇒ Q⊥ ⊆ P⊥ ❛♥❞ t❤❛t P ⊆ P⊥⊥✳ ❚❤❡r❡❢♦r❡ P⊥⊥⊥ = P⊥✳
▲❡t Q ⊆ (R+)A ❛♥❞ ❧❡t P = Q⊥✳ ❖❜s❡r✈❡ ✜rst t❤❛t
∀x ∈ P ∀y ∈ (R+)A y ≤ x⇒ y ∈ P .
●✐✈❡♥ a ∈ A✱ t❤❡ s❡t πa(P ) ⊆ R+ ✐s t❤❡r❡❢♦r❡ ❛♥ ✐♥✐t✐❛❧ s❡❣♠❡♥t ♦❢ t❤❡ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧ ❤❛❧❢✲❧✐♥❡✱ ❛♥❞
✇❡ ❞❡✜♥❡ cP (a) ∈ R+ ❛s t❤❡ ❧✉❜ ♦❢ πa(P )✳ ❋♦r ❛♥② λ ∈ R+ s✉❝❤ t❤❛t λ < cP (a)✱ ♦♥❡ ❝❛♥ ✜♥❞ x ∈ P s✉❝❤
✹
t❤❛t xa = λ✱ ❛♥❞ ❤❡♥❝❡ λea ∈ P ✭s✐♥❝❡ λea ≤ x✮✳ ■t ❢♦❧❧♦✇s t❤❛t cP (a)ea ∈ P ✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② x′ ∈ Q✱
❛♥❞ ❛♥② λ < cP (a) ✇❡ ❤❛✈❡ 1 ≥ 〈λea, x′〉 = λx′a ❛♥❞ t❤❡r❡❢♦r❡ cP (a)x′a ≤ 1✳ ▼♦r❡♦✈❡r✱ ❜② ❞❡✜♥✐t✐♦♥ ♦❢
cP (a)✱ ✇❡ ♠✉st ❤❛✈❡ λ ≤ cP (a) ❢♦r ❛♥② λ s✉❝❤ t❤❛t λea ∈ P ✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t
cP (a) = sup{λ > 0 | λea ∈ P} ❛♥❞ cP (a)ea ∈ P .
✶✳✶✳✷ Pr♦❜❛❜✐❧✐st✐❝ ❝♦❤❡r❡♥❝❡ s♣❛❝❡s✳ ❆ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦❤❡r❡♥❝❡ s♣❛❝❡ ✭P❈❙✮ ✐s ❛ ♣❛✐rX = (|X|,PX)
✇❤❡r❡ |X| ✐s ❛ ❝♦✉♥t❛❜❧❡ s❡t ❛♥❞ PX ⊆ (R+)|X| ✐s s✉❝❤ t❤❛t
✶✳ PX⊥⊥ ⊆ PX ✭t❤❛t ✐s✱ PX⊥⊥ = PX✮
✷✳ ∀a ∈ |X|∃λ > 0 λea ∈ PX✱ t❤❛t ✐s cX(a) > 0 ✭✇❤❡r❡ ✇❡ s❡t cX(a) = cPX(a)✮
✸✳ ❛♥❞ ∀a ∈ |X|✱ t❤❡ s❡t πa(PX) ⊆ R+ ✐s ❜♦✉♥❞❡❞✱ t❤❛t ✐s cX(a) <∞✳
❘❡♠❛r❦ ✿ ❲❡ ❞♦ ♥♦t r❡q✉✐r❡ PX ⊆ [0, 1]|X|✱ ✇❤✐❝❤ ♠✐❣❤t s❡❡♠ ❛ ❞❡s✐r❛❜❧❡ ✭♦r ❛t ❧❡❛st ✐♥t✉✐t✐✈❡❧②
❛♣♣❡❛❧✐♥❣✮ ❝♦♥❞✐t✐♦♥✳ ❲❡ s❤❛❧❧ ✉♥❞❡rst❛♥❞ ✇❤② ✇❤❡♥ t❤❡ ❡①♣♦♥❡♥t✐❛❧s ✇✐❧❧ ❝♦♠❡ ✐♥✳ ❈♦♥❞✐t✐♦♥s ✭✷✮
❛♥❞ ✭✸✮ ❛r❡ t❤❡r❡ ❢♦r ❦❡❡♣✐♥❣ ✜♥✐t❡ ❛❧❧ t❤❡ r❡❛❧ ♥✉♠❜❡rs ✐♥✈♦❧✈❡❞❀ t❤❡② ❛r❡ ♥♦t ❡①♣❧✐❝✐t❧② st❛t❡❞ ✐♥ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ P❈❙s ✐♥ ❬●✐r✵✹❪✳
▲❡♠♠❛ ✶ ■❢ X ✐s ❛ P❈❙✱ t❤❡♥ X⊥ = (|X|,PX⊥) ✐s ❛❧s♦ ❛ P❈❙ ❛♥❞ cX⊥(a) = cX(a)−1✱ ❢♦r ❛♥② a ∈ |X|✳
Pr♦♦❢✳ ❲❡ ♦♥❧② ❤❛✈❡ t♦ ♣r♦✈❡ ❝♦♥❞✐t✐♦♥s ✭✷✮ ❛♥❞ ✭✸✮ ❢♦r X⊥✱ ✇❤✐❝❤ ✇✐❧❧ ❢♦❧❧♦✇ ✐❢ ✇❡ s❤♦✇ t❤❛t cX⊥(a) =
cX(a)
−1✳ ❲❡ ❤❛✈❡ cX(a) ∈ PX ❛♥❞ cX⊥(a) ∈ PX⊥✱ ❤❡♥❝❡ cX(a)cX⊥(a) ≤ 1✱ t❤❛t ✐s cX⊥(a) ≤ cX(a)−1✳
▼♦r❡♦✈❡r✱ ❢♦r ❛♥② x′ ∈ PX⊥✱ ✇❡ ❤❛✈❡ x′a ≤ cX⊥(a)✱ t❤❛t ✐s x′acX⊥(a)−1 ≤ 1✱ ❤❡♥❝❡ cX⊥(a)−1ea ∈ PX✳
❚❤❡r❡❢♦r❡ cX⊥(a)
−1 ≤ cX(a)✳ ✷
❲❡ ❞❡✜♥❡ t❤❡ ♥♦r♠ ♦❢ x ∈ PX ❛s
‖x‖X = sup
x′∈PX⊥
〈x, x′〉 ≤ 1 ,
s❡❡ ❙❡❝t✐♦♥ ✹ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳
✶✳✷ ▼♦r♣❤✐s♠s ♦❢ P❈❙s
✶✳✷✳✶ ❚❡♥s♦r ♣r♦❞✉❝t✳ ▲❡t X ❛♥❞ Y ❜❡ P❈❙s✳ ■❢ x ∈ PX ❛♥❞ y ∈ PY ✱ ✇❡ ❞❡✜♥❡ x⊗y ∈ (R+)|X|×|Y |
❜② (x⊗ y)a,b = xayb✳ ▲❡t
• |X ⊗ Y | = |X| × |Y |
• ❛♥❞ P(X ⊗ Y ) = {x⊗ y | x ∈ PX ❛♥❞ y ∈ PY }⊥⊥✳
❚❤❡♥ X ⊗ Y = (|X ⊗ Y |,P(X ⊗ Y )) ✐s ❛ P❈❙✳ ❈♦♥❞✐t✐♦♥ ✭✶✮ ✐s ♦❜✈✐♦✉s✱ ❜❡❝❛✉s❡ P(X ⊗ Y ) ✐s ♦❢ t❤❡
s❤❛♣❡ P⊥✳ ❈♦♥❞✐t✐♦♥s ✭✷✮ ❛♥❞ ✭✸✮ ✇✐❧❧ ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t
cX⊗Y (a, b) = cX(a)cY (b) .
❙✐♥❝❡ cX(a)ea ∈ PX ❛♥❞ cY (b)eb ∈ PY ✱ ✇❡ ❤❛✈❡ (cX(a)ea) ⊗ (cY (b)eb) = cX(a)cY (b)ea,b ∈ P(X ⊗ Y )✱
t❤❡r❡❢♦r❡ cX(a)cY (b) ≤ cX⊗Y a, b✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣✐✈❡♥ x′ ∈ PX⊥ ❛♥❞ y′ ∈ PY ⊥✱ ❛♥❞ x ∈ PX ❛♥❞ y ∈ PY ✱ ♦♥❡ ❝❤❡❝❦s ❡❛s✐❧② t❤❛t
〈x⊗ y, x′ ⊗ y′〉 = 〈x, x′〉〈y, y′〉 ≤ 1
❛♥❞ ❤❡♥❝❡ x′⊗y′ ∈ P(X ⊗ Y )⊥ ✭t❤✐s ♠❡❛♥s t❤❛t t❤❡ ▼■❳ r✉❧❡ ❤♦❧❞s ✐♥ ♦✉r ♠♦❞❡❧✮✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡
cX(a)
−1cY (b)−1ea,b ∈ P(X ⊗ Y )⊥ ❛♥❞ ❤❡♥❝❡ ∀z ∈ P(X ⊗ Y ) za,b ≤ cX(a)cY (b)✱ t❤❛t ✐s cX⊗Y (a, b) ≤
cX(a)cY (b)✳
✺
✶✳✷✳✷ ❚❤❡ P❈❙ ♦❢ ♠♦r♣❤✐s♠s✳ ▲❡t X ⊸ Y = (X ⊗ Y ⊥)⊥✳ ❆ ♠♦r♣❤✐s♠ u ❢r♦♠ X t♦ Y ✐s✱ ❜②
❞❡✜♥✐t✐♦♥✱ ❛♥ ❡❧❡♠❡♥t ♦❢ P(X ⊸ Y )✳ ❙♦ u ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠❛tr✐① ✇✐t❤ |Y | ❧✐♥❡s ❛♥❞ |X| ❝♦❧✉♠♥s ✭s✐♥❝❡
u ∈ (R+)|X|×|Y |✮✳
●✐✈❡♥ ❛♥② ♠❛tr✐① u ∈ (R+)|X|×|Y |✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♠❛♣ (R+)|X| → R+|Y |
fun(u) : (R+)|X| → R+|Y |
x 7→ u · x =

 ∑
a∈|X|
ua,bxa


b∈|Y |
❆❧s♦✱ ✇❡ ❞❡✜♥❡ t❤❡ tr❛♥s♣♦s❡ tu ∈ (R+)|Y |×|X| ♦❢ s✉❝❤ ❛ ♠❛tr✐① u ✐♥ t❤❡ ✉s✉❛❧ ✇❛②✿ (tu)b,a = ua,b✳
▲❡♠♠❛ ✷ ▲❡t u ∈ (R+)|X|×|Y |✱ x ∈ PX ❛♥❞ y′ ∈ PY ⊥✳ ❚❤❡♥
〈u, x⊗ y′〉 = 〈u · x, y′〉 = 〈tu · y′, x〉 = 〈tu, y′ ⊗ x〉 .
❙tr❛✐❣❤t❢♦r✇❛r❞ ❝♦♠♣✉t❛t✐♦♥ ✐♥ t❤❡ r✐❣ R+✳
▲❡♠♠❛ ✸ ▲❡t u ∈ R+|X|×|Y |✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✳
✶✳ u ∈ P(X ⊸ Y )✱
✷✳ tu ∈ P(Y ⊥⊸ X⊥)✱
✸✳ ∀x ∈ PX u · x ∈ PY
✹✳ ❛♥❞ ∀y′ ∈ PX⊥ tu · y′ ∈ PX⊥
Pr♦♦❢✳ ❚❤❡ ♣r♦♦❢ ✐s ❡ss❡♥t✐❛❧❧② ❛ ❞✐r❡❝t ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳ ❋♦r ✐♥st❛♥❝❡✱ ❧❡t ✉s ♣r♦✈❡ t❤❛t ✭✶✮⇒✭✸✮✳
❲✐t❤ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤❡ ❧❡♠♠❛✱ ✇❡ ♠✉st s❤♦✇ t❤❛t u · x ∈ PY = PY ⊥⊥✳ ❙♦ ❧❡t y′ ∈ PY ⊥✳ ❲❡ ❤❛✈❡
〈u · x, y′〉 = 〈u, x⊗ y′〉 ∈ [0, 1] ❜② ❛ss✉♠♣t✐♦♥✳
▲❡t ✉s ❝❤❡❝❦ ❛❧s♦ t❤❛t ✭✸✮⇒✭✶✮✳ ❖♥❡ ♠✉st s❤♦✇ ✜rst t❤❛t u ∈ (R+)|X|×|Y |✱ t❤❛t ✐s✱ ua,b <∞ ❢♦r ❡❛❝❤
a, b✳ ❙♦ ❧❡t a ∈ |X| ❛♥❞ b ∈ |Y | ❛♥❞ ❧❡t λ > 0 ❜❡ s✉❝❤ t❤❛t λea ∈ PX✳ ❖♥❡ ❤❛s u · λea ∈ PY ✳ ▲❡t µ > 0
❜❡ s✉❝❤ t❤❛t µeb ∈ PY ⊥✱ ✇❡ ❤❛✈❡ 〈u · λea, µeb〉 ∈ [0, 1]✱ t❤❛t ✐s λµua,b ∈ [0, 1]✱ s♦ ua,b ∈ R+✳ ◆❡①t✱ ❧❡t
x ∈ PX ❛♥❞ y′ ∈ PY ⊥✳ ❲❡ ❤❛✈❡ 〈u, x⊗ y′〉 = 〈u · x, y′〉 ❜② ▲❡♠♠❛ ✷ ❛❣❛✐♥✱ ❛♥❞ s♦ 〈u, x⊗ y′〉 ∈ [0, 1]
s✐♥❝❡ u · x ∈ PY ✳ ✷
✶✳✷✳✸ ■❞❡♥t✐t②✱ ❝♦♠♣♦s✐t✐♦♥ ❛♥❞ ✐s♦♠♦r♣❤✐s♠s✳ ❙♦ t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① Id ∈ (R+)|X|×|X| ❞❡✜♥❡❞
❜② Ida,a′ = δa,a′ ❜❡❧♦♥❣s t♦ P(X ⊸ X)✳ ■❢ u ∈ P(X ⊸ Y ) ❛♥❞ v ∈ P(Y ⊸ Z)✱ ✇❡ ❞❡✜♥❡ vu ∈ R+|X|×|Z|
❛s ✉s✉❛❧ ❜②
(vu)a,c =
∑
b∈|Y |
vb,cua,b
●✐✈❡♥ x ∈ PX✱ ✇❡ ❤❛✈❡ vu · x = v · (u · x)✳ ❇✉t u · x ∈ PY s✐♥❝❡ u ∈ P(X ⊸ Y ) ❛♥❞ s♦ v · (u · x) ∈ PZ
s✐♥❝❡ v ∈ P(Y ⊸ Z)✳ ❚❤✐s s❤♦✇s t❤❛t vu ∈ P(X ⊸ Z) ❜② ▲❡♠♠❛ ✸✳
▲❡♠♠❛ ✹ ▲❡t X ❛♥❞ Y ❜❡ P❈❙s✳ ❲❡ ❤❛✈❡ P(X ⊗ Y )⊥ = P(X ⊸ Y ⊥)✳
■♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✸✳
▲❡t Pcoh ❜❡ t❤❡ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ t❤❡ P❈❙s ❛♥❞ ✇❤❡r❡ Pcoh(X,Y ) = P(X ⊸ Y )✱ ✐❞❡♥t✐t✐❡s
❛♥❞ ♠♦r♣❤✐s♠ ❝♦♠♣♦s✐t✐♦♥ ❜❡✐♥❣ ❞❡✜♥❡❞ ✐♥ t❤❡ ❛❜♦✈❡ ♠❛tr✐❝✐❛❧ ✇❛②✳
❆s ✐♥ ❛♥② ❝❛t❡❣♦r②✱ ✇❡ ❤❛✈❡ ❛ ❝❛♥♦♥✐❝❛❧ ♥♦t✐♦♥ ♦❢ ✐s♦♠♦r♣❤✐s♠✳ ❆♠♦♥❣ t❤❡s❡ ✐s♦♠♦r♣❤✐s♠s✱ s♦♠❡ ♦❢
t❤❡♠ ✇✐❧❧ ❜❡ q✉✐t❡ ✐♠♣♦rt❛♥t✱ ✇❡ ❝❛❧❧ t❤❡♠ ✇❡❜✲✐s♦♠♦r♣❤✐s♠s✳ ❆ ✇❡❜✲✐s♦♠♦r♣❤✐s♠ ❢r♦♠ X t♦ Y ✐s ❛♥
✐s♦♠♦r♣❤✐s♠ f ∈ Pcoh(X,Y ) s✉❝❤ t❤❛t t❤❡r❡ ✐s ❛ ✭♦❜✈✐♦✉s❧② ✉♥✐q✉❡✮ ❜✐❥❡❝t✐♦♥ ϕ : |X| → |Y | s✉❝❤ t❤❛t
fa,b = δϕ(a),b✳ ■♥ ♦t❤❡r ✇♦r❞s✱ t❤❡ ✉♥❞❡r❧②✐♥❣ ❜✐❥❡❝t✐♦♥ ϕ ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿ ❢♦r ❛♥② y ∈ (R+)|Y |✱
♦♥❡ ❤❛s y ∈ PY ✐✛ (yϕ(a))a∈|X| ∈ PX✳
❖❢ ❝♦✉rs❡✱ ✐❢ f ∈ Pcoh(X,Y ) ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠✱ t❤❡♥ tf ∈ Pcoh(Y ⊥, X⊥) ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠✳
✻
✶✳✸ ❖r❞❡r✲t❤❡♦r❡t✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s✳
▲❡t X ❜❡ ❛ P❈❙✳ ■t ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ ❝♦♥s✐❞❡r R+
|X|
❛s ❛ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡t✱ ✇✐t❤ t❤❡ ✉s✉❛❧ ♣♦✐♥t✇✐s❡
♦r❞❡r✿ x ≤ y ✐❢ xa ≤ ya ❢♦r ❛❧❧ a ∈ |X|✳ ❚❤❡ ♠❛✐♥ ♣r♦♣❡rt② ♦❢ PX ❢r♦♠ t❤✐s ✈✐❡✇♣♦✐♥t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳
Pr♦♣♦s✐t✐♦♥ ✺ PX ✐s ❜♦✉♥❞❡❞✲❝♦♠♣❧❡t❡ ❛♥❞ ω✲❝♦♥t✐♥✉♦✉s ❝♣♦ ❛♥❞✱ ❢♦r ❛♥② x′ ∈ PX⊥✱ t❤❡ ♠❛♣ x 7→
〈x, x′〉 ✐s ❙❝♦tt✲❝♦♥t✐♥✉♦✉s ❢r♦♠ PX t♦ [0, 1]✳
Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✜rst t❤❛t PX ✐s ❛ ❝♣♦✳ ▲❡t D ⊆ PX ❜❡ ❞✐r❡❝t❡❞✳ ❚❤❡ ♣♦✐♥t✇✐s❡ ❧✉❜ y = supD ❜❡❧♦♥❣s
t♦ (R+)|X| s✐♥❝❡ ❛❧❧ s❡ts πa(PX) ❛r❡ ❜♦✉♥❞❡❞✳ ❲❡ s❤♦✇ t❤❛t y ∈ PX✱ s♦ ❧❡t x′ ∈ PX⊥✳ ■t ✐s ❝❧❡❛r t❤❛t
sup
x∈D
〈x, x′〉 ≤ 〈y, x′〉
s♦ ❧❡t ✉s ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡ ✐♥❡q✉❛t✐♦♥✳ ❆ss✉♠❡✱ t♦✇❛r❞s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t supx∈D〈x, x′〉 < 〈y, x′〉✳
▲❡t λ ∈ R+ ❜❡ s✉❝❤ t❤❛t supx∈D〈x, x′〉 < λ < 〈y, x′〉✳ ❲❡ ❝❛♥ ✜♥❞ ❛ ✜♥✐t❡ s✉❜s❡t I ♦❢ |X| s✉❝❤ t❤❛t∑
a∈I yax
′
a > λ✳ ❇✉t s✐♥❝❡ I ✐s ✜♥✐t❡✱ ✇❡ ❤❛✈❡
∑
a∈I yax
′
a = supx∈D
∑
a∈I xax
′
a ≤ supx∈D〈x, x′〉 < λ ✭❜②
❝♦♥t✐♥✉✐t② ♦❢ ❛❞❞✐t✐♦♥ ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♦♥ t❤❡ r❡❛❧ ♥✉♠❜❡rs✮❀ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✐s s❤♦✇s ❛❧s♦ t❤❛t t❤❡
♠❛♣ x 7→ 〈x, x′〉 ✐s ❙❝♦tt✲❝♦♥t✐♥✉♦✉s✳
◆❡①t✱ ❣✐✈❡♥ x, y, z ∈ PX s✉❝❤ t❤❛t x, y ≤ z✱ ❞❡✜♥✐♥❣ max(x, y) ∈ (R+)|X| ❜② max(x, y)a =
max(xa, ya)✱ ✇❡ ❤❛✈❡ max(x, y) ≤ z ❛♥❞ ❤❡♥❝❡ max(x, y) ∈ PX✱ s♦ PX ✐s ❜♦✉♥❞❡❞✲❝♦♠♣❧❡t❡✳ ❘❡♠❡♠❜❡r
t❤❛t x, y ≪ z ⇒ max(x, y)≪ z✳
▲❛st ✇❡ ♦❜s❡r✈❡ t❤❛t t❤❡r❡ ✐s ❛ ❝♦✉♥t❛❜❧❡ s❡t B ⊆ PX s✉❝❤ t❤❛t✱ ❢♦r ❛♥② x ∈ PX✱ t❤❡ s❡t {y ∈ B |
y ≪ x} ✐s ❞✐r❡❝t❡❞ ❛♥❞ ❤❛s x ❛s ❧✉❜✳ ■t s✉✣❝❡s t♦ t❛❦❡ ❢♦r B t❤❡ ❡❧❡♠❡♥ts ♦❢ PX ✇❤✐❝❤ ❤❛✈❡ ❛ ✜♥✐t❡
s✉♣♣♦rt ❛♥❞ t❛❦❡ r❛t✐♦♥❛❧ ✈❛❧✉❡s✳ ■♥❞❡❡❞✱ ❢♦r ❛♥② r ∈ Q s✉❝❤ t❤❛t 0 ≤ r < xa✱ ♦♥❡ ❤❛s rea ≪ x ❛♥❞
x = sup{rea | a ∈ |X| ❛♥❞ r ∈ Q ∩ [0, xa)}✳ ✷
Pr♦♣♦s✐t✐♦♥ ✻ ▲❡t u ∈ P(X ⊸ Y )✳ ❚❤❡♥ t❤❡ ❢✉♥❝t✐♦♥ fun(u) ✐s ❛ ❙❝♦tt✲❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❢r♦♠ PX
t♦ PY ✳
Pr♦♦❢✳ ●✐✈❡♥ ❛ ❞✐r❡❝t❡❞ s❡t D ⊆ PX✱ ✇❡ ♠✉st s❤♦✇ t❤❛t u · supD = supx∈D(u · x)✳ ❙♦ ❧❡t b ∈ |Y |✱ ✇❡
❤❛✈❡ t♦ s❤♦✇ t❤❛t (u · supD)b = supx∈D(u · x)b✳ ▲❡t µ > 0 ❜❡ s✉❝❤ t❤❛t µeb ∈ PY ⊥✳ ❲❡ ❤❛✈❡
µ(u · supD)b = 〈u · supD,µeb〉
= 〈supD, tu · (µeb)〉
= sup
x∈D
〈x, tu · (µeb)〉 ❜② Pr♦♣♦s✐t✐♦♥ ✺
= µ sup
x∈D
〈u · x, eb〉
❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✳ ✷
✶✳✹ ❚❡♥s♦r ♣r♦❞✉❝t
✶✳✹✳✶ Pr❡❧✐♠✐♥❛r② ♣r♦♣❡rt✐❡s✳ ❲❡ ❤❛✈❡ ❛❧r❡❛❞② ❞❡✜♥❡❞ t❤❡ P❈❙ X ⊗ Y ✐♥ ✶✳✷✳✶✳ ❚❤❡ ♥❡①t ♣r❡✲
❧✐♠✐♥❛r② ❧❡♠♠❛s ✇✐❧❧ ❜❡ q✉✐t❡ ✉s❡❢✉❧✳
▲❡♠♠❛ ✼ ▲❡t X✱ Y ❛♥❞ Z ❜❡ P❈❙s✳ ❚❤❡ ♠❛tr✐① α ∈ (R+)|((X⊗Y )⊸Z)⊸(X⊸(Y⊸Z))| ❞❡✜♥❡❞ ❜②
α((a,b),c),(a′,(b′,c′)) = δa,a′δb,b′δc,c′ ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠ ❢r♦♠ (X ⊗ Y )⊸ Z t♦ X ⊸ (Y ⊸ Z)✳
Pr♦♦❢✳ ▲❡t w ∈ P((X ⊗ Y )⊸ Z)✳ ❲❡ ♣r♦✈❡ t❤❛t α · w ∈ P(X ⊸ (Y ⊸ Z))✳ ▲❡t x ∈ PX✱ ✇❡ ❤❛✈❡ t♦
s❤♦✇ t❤❛t (α · w) · x ∈ P(Y ⊸ Z)✳ ❇✉t t❤✐s ✐s ❝❧❡❛r s✐♥❝❡✱ ❢♦r ❛♥② y ∈ PY ✱ ♦♥❡ ❤❛s ((α · w) · x) · y =
w · (x⊗ y)✳
❈♦♥✈❡rs❡❧②✱ ❧❡t w ∈ P(X ⊸ (Y ⊸ Z)) ❛♥❞ ❧❡t β ❜❡ t❤❡ tr❛♥s♣♦s❡ ♦❢ t❤❡ ♠❛tr✐① α✳ ❲❡ ♠✉st s❤♦✇
t❤❛t β · w ∈ P((X ⊗ Y )⊸ Z)✱ t❤❛t ✐s t(β · w) ∈ P(Z⊥⊸ (X ⊸ Y ⊥))✳ ❙♦ ❧❡t z′ ∈ PZ⊥✱ x ∈ PX ❛♥❞
y ∈ PY ✳ ❲❡ ❤❛✈❡
〈(t(β · w) · z′) · x, y〉 = 〈(w · x) · y, z′〉
❛s s❤♦✇♥ ❜② ❛♥ ❡❛s② ❝♦♠♣✉t❛t✐♦♥✱ ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡✱ ❜② ❛ss✉♠♣t✐♦♥✱ 〈(w · x) · y, z′〉 ∈ [0, 1]✳ ✷
✼
▲❡♠♠❛ ✽ ▲❡t w ∈ (R+)|(X⊗Y )⊸Z|✳ ❚❤❡♥ w ∈ P((X ⊗ Y )⊸ Z) ✐✛
∀x ∈ PX∀y ∈ PY w · (x⊗ y) ∈ PZ .
Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t w · (x⊗ y) ❢♦r ❡❛❝❤ x ∈ PX ❛♥❞ y ∈ PY ✳ ❇② ▲❡♠♠❛ ✼✱ ❢♦r ♣r♦✈✐♥❣ t❤❛t w ∈
P((X ⊗ Y )⊸ Z)✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t α · w ∈ P(X ⊸ (Y ⊸ Z))✳ ❇✉t t❤✐s ✐s ❝❧❡❛r s✐♥❝❡
∀x ∈ PX∀y ∈ PY ((α · w) · x) · y = w · (x⊗ y) ∈ PZ .
✷
✶✳✹✳✷ ❚❤❡ t❡♥s♦r ♣r♦❞✉❝t ❛s ❛ ❢✉♥❝t♦r✳ ▲❡t u ∈ Pcoh(X1, X2) ❛♥❞ v ∈ Pcoh(Y1, Y2)✱ ✇❡ ❞❡✜♥❡
u⊗ v ∈ (R+)|(X1⊗Y1)⊸(X2⊗Y2)| ❜② (u⊗ v)(a1,b1),(a2,b2) = ua1,a2vb1,b2 ∈ R+✳
▲❡t x1 ∈ PX1 ❛♥❞ y1 ∈ PY1✱ ✇❡ ❤❛✈❡ u · x1 ∈ PX2 ❛♥❞ v · y1 ∈ PY2✱ ❤❡♥❝❡ (u · x1) ⊗ (v · y1) ∈
P(X2 ⊗ Y2)✳ ❇✉t (u⊗ v) · (x1 ⊗ y1) = (u · x1)⊗ (v · y1)✱ s♦ (u⊗ v) · (x1 ⊗ y1) ∈ P(X2 ⊗ Y2)✳ ❚❤❡r❡❢♦r❡✱
❜② ▲❡♠♠❛ ✽✱ ♦♥❡ ❤❛s u⊗ v ∈ P((X1 ⊗ Y1)⊸ (X2 ⊗ Y2))✳
❆ st❛♥❞❛r❞ ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t✱ ✐❢ u1 ∈ P(X1⊸ X2)✱ u2 ∈ P(X2⊸ X3)✱ v1 ∈ P(Y1⊸ Y2)✱ ❛♥❞
v2 ∈ P(Y2⊸ Y3)✱ t❤❡♥
(u2u1)⊗ (v2v1) = (u2 ⊗ v2)(u1 ⊗ v1) .
❖♥❡ ❤❛s ❛❧s♦ IdX ⊗ IdY = IdX⊗Y ❛♥❞ s♦ ⊗ ✐s ❛ ❢✉♥❝t♦r✳ ▼♦r❡♦✈❡r✱ ✐❢ f ∈ Pcoh(X1, X2) ❛♥❞ g ∈
Pcoh(Y1, Y2) ❛r❡ ✇❡❜✲✐s♦♠♦r♣❤✐s♠s✱ t❤❡♥ f ⊗ g : Pcoh(X1 ⊗ Y1, X2 ⊗ Y2) ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠✳
✶✳✹✳✸ Pcoh ❛s ❛ ♠♦♥♦✐❞❛❧ ❝❛t❡❣♦r②✳ ❚❤✐s ❡♥❞♦✇s t❤❡ ❝❛t❡❣♦r② Pcoh ✇✐t❤ ❛ ♠♦♥♦✐❞❛❧ str✉❝t✉r❡✳
❚❤❡ ♥❡✉tr❛❧ ♦❜❥❡❝t ✐s 1 = ({∗}, [0, 1]) ✭✐❞❡♥t✐❢②✐♥❣ (R+){∗} ✇✐t❤ R+✮✳
▲❡t α ∈ (R+)|(X⊗(Y⊗Z))⊸((X⊗Y )⊗Z)| ❜❡ ❞❡✜♥❡❞ ❜② α(a,(b,c)),((a′,b′),c′) = δa,a′δb,b′δc,c′ ✳ ❇② ▲❡♠♠❛s ✼
❛♥❞ ✹✱ tα ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠ ❢r♦♠ ((X ⊗ Y )⊗Z)⊥ t♦ (X ⊗ (Y ⊗ Z))⊥ ❛♥❞ s♦ α ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠
❢r♦♠ X ⊗ (Y ⊗ Z) t♦ (X ⊗ Y )⊗ Z✳
❖♥❡ s❤♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❛t σ ∈ (R+)|(X⊗Y )⊸(Y⊗X)| ❞❡✜♥❡❞ ❜② σ(a,b),(b′,a′) = δa,a′δb,b′ ✐s ❛ ✇❡❜✲
✐s♦♠♦r♣❤✐s♠ ❢r♦♠ X ⊗Y t♦ Y ⊗X✳ ❖♥❡ ❡①❤✐❜✐ts s✐♠✐❧❛r❧② ✐s♦♠♦r♣❤✐s♠s ❡①♣r❡ss✐♥❣ t❤❛t 1 ✐s ♥❡✉tr❛❧ ❢♦r
⊗✳ ■t ✐s r♦✉t✐♥❡ t♦ ❝❤❡❝❦ t❤❛t ❛❧❧ t❤❡s❡ ❞❛t❛ ❡♥❞♦✇ Pcoh ✇✐t❤ t❤❡ str✉❝t✉r❡ ♦❢ ❛ s②♠♠❡tr✐❝ ♠♦♥♦✐❞❛❧
❝❛t❡❣♦r②✳
▼♦♥♦✐❞❛❧ ❝❧♦s❡♥❡ss r❡s✉❧ts ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ▲❡♠♠❛ ✼✳
▲❛st✱ ⋆✲❛✉t♦♥♦♠②✱ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞✉❛❧✐③✐♥❣ ♦❜❥❡❝t ⊥ = 1⊥ = 1 ✐s ♦❜✈✐♦✉s ✇❤❡♥ ♦♥❡ ♦❜s❡r✈❡s t❤❛t
t❤❡ P❈❙s X⊥ ❛♥❞ X ⊸ ⊥ ❛r❡ ✐s♦♠♦r♣❤✐❝✳
❚❤❡ ❉❡ ▼♦r❣❛♥ ❞✉❛❧ ♦❢ ⊗ ✐s t❤❡ ❝♦t❡♥s♦r✱ ❛❧s♦ ❝❛❧❧❡❞ ♣❛r ❀ ✐t ✐s ❞❡✜♥❡❞ ❜② X   Y = (X⊥ ⊗ Y ⊥)⊥ =
X⊥ ⊸ Y ✳ ■❢ a ∈ |X| ❛♥❞ b ∈ |Y |✱ ✇❡ ❤❛✈❡ cX Y (a, b) = cX(a)cY (b)✳ ❚❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ❞❡✜♥❡s ❛
♠♦r♣❤✐s♠ ✐♥ Pcoh(X ⊗ Y,X   Y )✳ ■♥❞❡❡❞✱ ❣✐✈❡♥ x ∈ PX✱ y ∈ PY ✱ x′ ∈ PX⊥ ❛♥❞ y′ ∈ PY ⊥✱ ✇❡ ❤❛✈❡
〈(x⊗ y) · x′, y′〉 = 〈x, x′〉〈y, y′〉 ≤ 1✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ▼■❳ r✉❧❡ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝ ✭s❡❡ ❡✳❣✳ ❬●✐r✽✼❪✮ ❤♦❧❞s
✭✐♥ t❤❡ str♦♥❣❡st s❡♥s❡ ❛❝t✉❛❧❧②✱ ❜❡❝❛✉s❡ 1 = ⊥✮✳
✶✳✺ ❆❞❞✐t✐✈❡ str✉❝t✉r❡
■t ✇✐❧❧ ♣❧❛② ❛ ❝r✉❝✐❛❧ r♦❧❡ ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧ ♦❢ t❤❡ ♣✉r❡ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s✳ ▲❡t (Xi)i∈I ❜❡ ❛
❝♦✉♥t❛❜❧❡ ❢❛♠✐❧② ♦❢ P❈❙s✳ ❲❡ ❞❡✜♥❡ ❛ P❈❙ X = &i∈I Xi ❜② t❛❦✐♥❣ |&i∈I Xi| = ∪i∈I({i}× |Xi|)✳ ●✐✈❡♥
x ∈ (R+)|X|✱ ✇❡ ❞❡✜♥❡ πi(x) ∈ (R+)|Xi| ❜② πi(x)a = xi,a✳ ❲❡ s❡t PX = {x ∈ (R+)|X| | ∀i ∈ I, πi(x) ∈
PXi}✳
❚❤❡ ❢❛❝t t❤❛t PX s♦ ❞❡✜♥❡❞ s❛t✐s✜❡s PX⊥⊥ ⊆ PX r❡s✉❧ts ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣✿
PX⊥ = {x′ ∈ (R+)|X| |
∑
i∈I
‖πi(x′)‖X⊥i ≤ 1} .
❆❧s♦✱ ✐t ✐s ❝❧❡❛r t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✮ ❛♥❞ ✭✸✮ ❤♦❧❞✱ s✐♥❝❡ cX(i, a) = cXi(a) ❢♦r ❡❛❝❤ i ∈ I ❛♥❞ a ∈ |Xi|✳
❋♦r ❡❛❝❤ i ∈ I✱ ✇❡ ❞❡✜♥❡ pri ∈ (R+)|X|×|Xi| ❜②
pri(j,a),b =
{
1 ✐❢ i = j ❛♥❞ a = b
0 ♦t❤❡r✇✐s❡
✽
Pr♦♣♦s✐t✐♦♥ ✾ ❋♦r ❡❛❝❤ i ∈ I✱ ♦♥❡ ❤❛s pri ∈ Pcoh(&i∈I Xi, Xi) ❛♥❞ pri · x = πi(x) ❢♦r ❡❛❝❤ x ∈
P(&i∈I Xi)✳ ❚❤❡ P❈❙ &i∈I Xi✱ ❡q✉✐♣♣❡❞ ✇✐t❤ t❤❡ ♣r♦❥❡❝t✐♦♥s pri ✐s t❤❡ ❝❛rt❡s✐❛♥ ♣r♦❞✉❝t ♦❢ t❤❡ ❢❛♠✐❧②
(Xi)i∈I ✐♥ t❤❡ ❝❛t❡❣♦r② Pcoh✳
Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt✱ ✇❤✐❝❤ ❡①♣r❡ss❡s t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ pris ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ &i∈I Xi✳
❙♦ ❧❡t Y ❜❡ ❛ P❈❙ ❛♥❞ ❧❡t ti ∈ Pcoh(Y,Xi)✱ ❢♦r ❡❛❝❤ i ∈ I✳ ▲❡t t ∈ (R+)|Y |×|&i∈I Xi| ❜❡ ❞❡✜♥❡❞ ❜②
tb,(i,a) = (ti)b,a ❢♦r b ∈ |Y | ❛♥❞ i ∈ I ❛♥❞ a ∈ |Xi|✳ ●✐✈❡♥ y ∈ PY ✱ ♦♥ ❤❛s πi(t · y) = ti · y ∈ PXi ❢♦r
❡❛❝❤ i ∈ I✳ ❚❤❡r❡❢♦r❡ t · y ∈ P(&i∈I Xi)✳ ❍❡♥❝❡ t ∈ P(Y ⊸ &i∈I Xi)✱ t❤❛t ✐s✱ t ∈ Pcoh(Y,&i∈I Xi)✳ ■t
✐s ♦❜✈✐♦✉s t❤❛t pri · t = ti ❢♦r ❡❛❝❤ i ❛♥❞ t❤❛t t ✐s t❤❡ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ ❢r♦♠ Y t♦ &i∈I Xi ✇✐t❤ t❤✐s
♣r♦♣❡rt②✳ ✷
❚❤❡r❡❢♦r❡✱ t❤❡ ♦♣❡r❛t✐♦♥ (Xi)i∈I 7→ &i∈I Xi ✐s ❛ ❢✉♥❝t♦r✳ ❊①♣❧✐❝✐t❡❧②✱ ❣✐✈❡♥ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s
ui ∈ Pcoh(Xi, Yi)✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ♠♦r♣❤✐s♠ &i ui : Pcoh(&i∈I Xi,&i∈I Yi) ✇❤✐❝❤
s❛t✐s✜❡s pri(&i∈I ui) = uipri✳ ●✐✈❡♥ (i, a) ∈ |&i∈I Xi| ❛♥❞ (j, b) ∈ |&j∈I Yj |✱ ♦♥❡ ❤❛s
(&
i
ui)(i,a),(j,b) =
{
(ui)a,b ✐❢ i = j
0 ♦t❤❡r✇✐s❡✳
❖❜s❡r✈❡ t❤❛t✱ ✐❢ t❤❡ uis ❛r❡ ✇❡❜ ✐s♦♠♦r♣❤✐s♠s✱ t❤❡♥ &i∈I ui ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠✳
❖♥❡ s❡ts ♦❢ ❝♦✉rs❡ ⊕i∈I Xi = (&i∈I X⊥i )⊥✱ t❤✐s ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❢❛♠✐❧② (Xi)i∈I ✇✐t❤ ✐♥❥❡❝t✐♦♥s ini
♦❜t❛✐♥❡❞ ❜② tr❛♥s♣♦s✐♥❣ t❤❡ pris✳
✶✳✺✳✶ ❙♣❡❝✐❛❧ ❝❛s❡s✳ ▲❡t X ❜❡ ❛ P❈❙ ❛♥❞ ❧❡t I ❜❡ ❛ ❝♦✉♥t❛❜❧❡ s❡t✳ ❲❡ ❞❡♥♦t❡ ❜② XI t❤❡ P❈❙
&i∈I Xi ❛♥❞ ❜② X(I) t❤❡ P❈❙ ⊕i∈I Xi✱ ✇❤❡r❡ Xi = X ❢♦r ❡❛❝❤ i✳ ❍❡♥❝❡ (XI)⊥ = (X⊥)(I)✳
■♥ ♣❛rt✐❝✉❧❛r✱ 1(N
+) = {x ∈ (R+)N+ |∑∞i=1 xi ≤ 1} ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r ✐♥t❡r♣r❡t✐♥❣ t❤❡ t②♣❡ ♦❢ ✐♥t❡❣❡rs❀
✐t ✐s ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ t❤❡ ✢❛t ❞♦♠❛✐♥ ♦❢ ✐♥t❡❣❡rs✳
✶✳✻ ❊①♣♦♥❡♥t✐❛❧s
✶✳✻✳✶ ▼✉❧t✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥ts✳ ▲❡t I ❜❡ ❛ s❡t ❛♥❞ m ∈ Mfin(I) ✭t❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ ♠✉❧t✐s❡ts
♦❢ ❡❧❡♠❡♥ts ♦❢ I❀ ✐❢ m ✐s s✉❝❤ ❛ ♠✉❧t✐s❡t✱ m(i) ✐s t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ i ✐♥ m✮✳ ▲❡t #m =∑
i∈I m(i) ∈ N✳ ❲❡ s❡t m! =
∏
i∈I m(i)! ∈ N✱ ✇❤✐❝❤ ✐s ✇❡❧❧ ❞❡✜♥❡❞ s✐♥❝❡ t❤❡ ♠✉❧t✐s❡t m ✐s ✜♥✐t❡✳
▲❡t m ∈Mfin(I)✳ ❲❡ ❞❡✜♥❡ t❤❡ ♠✉❧t✐♥♦♠✐❛❧ ❝♦❡✣❝✐❡♥t [m] ∈ N ❛s
[m] =
#m!∏
i∈I m(i)!
.
■❢ M ∈Mfin(Mfin(I))✱ ✇❡ ❞❡✜♥❡ ΣM ∈Mfin(I) ❜②
ΣM(i) =
∑
m∈Mfin(I)
M(m)m.
❙✐♥❝❡ M ✐s ❛ ✜♥✐t❡ ♠✉❧t✐s❡t✱ t❤✐s s✉♠ ✐s ✜♥✐t❡✳
▲❡t J ❜❡ ❛♥♦t❤❡r s❡t ❛♥❞ ❧❡t m ∈ Mfin(I) ❛♥❞ p ∈ Mfin(J)✳ ❲❡ ❞❡✜♥❡ L(m, p) ❛s t❤❡ s❡t ♦❢ ❛❧❧
r ∈Mfin(I × J) s✉❝❤ t❤❛t
∀i ∈ I
∑
j∈J
r(i, j) = m(i)
❛♥❞ ∀j ∈ J
∑
i∈I
r(i, j) = p(j)
❖❜s❡r✈❡ t❤❛t ∀r ∈ L(m, p) #r = #m = #p✱ ❛♥❞ t❤❡r❡❢♦r❡✱ L(m, p) 6= ∅ ⇒ #m = #p✳ ❖❜s❡r✈❡ ❛❧s♦ t❤❛t
t❤❡ s❡t L(m, p) ✐s ❛❧✇❛②s ✜♥✐t❡✱ s✐♥❝❡ ✐t ✐s ❛ s✉❜s❡t ♦❢ {r ∈ Mfin(supp(m)× supp(p)) | #r = #m = #p}
✇❤✐❝❤ ✐s ❛ ✜♥✐t❡ s❡t✳
●✐✈❡♥ r ∈ L(m, p)✱ ✇❡ s❡t [
p
r
]
=
∏
j∈J
p(j)!∏
i∈I r(i, j)!
✇❤✐❝❤ ✐s ❛♥ ✐♥t❡❣❡r ≥ 1 s✐♥❝❡✱ ❢♦r ❡❛❝❤ j✱ ♦♥❡ ❤❛s p(j) =∑i∈I r(i, j)✳
✾
✶✳✻✳✷ ❚❤❡ ❡①♣♦♥❡♥t✐❛❧✳ ❲❡ ❞❡✜♥❡ ♥♦✇ ❛ P❈❙ !X✳ ❋✐rst✱ |!X| ✐s Mfin(|X|)✱ t❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡
♠✉❧t✐s❡ts ♦❢ ❡❧❡♠❡♥ts ♦❢ |X|✳
●✐✈❡♥ x ∈ R|X| ❛♥❞ m ∈ |!X|✱ ✇❡ s❡t xm = ∏a∈|X| xm(a)a ✭t❤✐s ❛ ✜♥✐t❡ ♣r♦❞✉❝t s✐♥❝❡ m ✐s ❛ ✜♥✐t❡
♠✉❧t✐s❡t✮✳ ◆❡①t✱ ♦♥❡ s❡ts x! = (xm)m∈|!X| ∈ R|!X|✳ ❚❤❡♥✱ t❤❡ P❈❙ !X ✐s ❞❡✜♥❡❞ ❜② s❡tt✐♥❣
P(!X) = {x! | x ∈ PX}⊥⊥ .
▲❡t m ∈ |!X|✱ k = #m ❛♥❞ {a1, . . . , an} = supp(m)✳
▲❡t λ > 0 ❜❡ s✉❝❤ t❤❛t λeai ∈ PX ❢♦r ❡❛❝❤ i = 1, . . . , n✳ ■❢ n > 0 t❤❡♥ x = λn
∑n
i=1 eai ∈ PX ❛♥❞
❤❡♥❝❡ x! ∈ P(!X)✳ ❇✉t xm = (λ
n
)k ❛♥❞ ❤❡♥❝❡ (λ
n
)kem ∈ P(!X)✳ ❙✐♥❝❡ 0 ∈ PX✱ ✇❡ ❤❛✈❡ 0! ∈ P(!X)✳ ❇✉t
0![] = 1 ❛♥❞ ❤❡♥❝❡ e[] ∈ P(!X)✳ ❚❤✐s s❤♦✇s t❤❛t ❝♦♥❞✐t✐♦♥ ✭✷✮ ❤♦❧❞s ❢♦r !X✳
❋♦r ❡❛❝❤ x ∈ PX✱ ✇❡ ❤❛✈❡ xai ≤ cX(ai) ❢♦r i = 1, . . . , n✳ ❲❡ ❤❛✈❡ xm ≤
∏n
i=1 cX(ai)
m(ai)✱ s♦
❝♦♥❞✐t✐♦♥ ✭✸✮ ❤♦❧❞s ❢♦r !X✳
❘❡♠❛r❦ ✿ ❲❡ ❤❛✈❡ ❣✐✈❡♥ ❛ r♦✉❣❤ ❧♦✇❡r ❜♦✉♥❞ ❢♦r c!X(m)✳ ❇✉t t❤❡r❡ ✐s ❛♥ ❡❛s② ❜❡tt❡r ♦♥❡✱ ❜❛s❡❞ ♦♥ t❤❡
❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❢❛❝t✳
▲❡♠♠❛ ✶✵ ▲❡t p1, . . . , pn ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❚❤❡ ♠❛①✐♠❛❧ ✈❛❧✉❡ ♦❢ t❤❡ ❢✉♥❝t✐♦♥
f : [0, 1]n → [0, 1]
(z1, . . . , zn) 7→ zp11 · · · zpnn
♦♥ t❤❡ s❡t {(z1, . . . , zn) ∈ [0, 1]n | z1 + · · ·+ zn = 1} ✐s
pp11 · · · ppnn
(p1 + · · ·+ pn)p1+···+pn
❛♥❞ ✐s r❡❛❝❤❡❞ ❛t ♣♦✐♥t (p1 + · · ·+ pn)−1(p1, . . . , pn)✳
❋r♦♠ t❤✐s✱ ✇❡ ❞❡r✐✈❡ t❤❛t
m(a1)
m(a1) · · ·m(an)m(an)
#m#m
n∏
i=1
cX(ai)
m(ai) ≤ c!X(m) ≤
n∏
i=1
cX(ai)
m(ai) .
▲❡t I ❜❡ ❛ ❝♦✉♥t❛❜❧❡ s❡t✳ ❋♦r X = 1(I)✱ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ✐s r❡❛❝❤❡❞ ❛♥❞ ❢♦r X = 1I ✱ t❤❡ ✉♣♣❡r ❜♦✉♥❞
✐s r❡❛❝❤❡❞✳ ❈♦♥s✐❞❡r ❢♦r ✐♥st❛♥❝❡ t❤❡ ❝❛s❡ ✇❤❡r❡ I = {t, f}✱ t❤❡♥ X ✐s t❤❡ P❈❙ ♦❢ ❜♦♦❧❡❛♥s✳ ❚❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ❝♦❤❡r❡♥❝❡ s♣❛❝❡ Bool ❤❛s I ❛s ✇❡❜✱ ✇✐t❤ t ❛♥❞ f ✐♥❝♦❤❡r❡♥t✳ ▲❡t m = [t, t, f ]✱ t❤❡♥
c!X(m) = 2
2/33 = 4/27✳ ❚❤❡ ❢❛❝t t❤❛t t❤✐s ♥✉♠❜❡r ✐s < 1 ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❢❛❝t t❤❛t m ❞♦❡s ♥♦t
❜❡❧♦♥❣ t♦ t❤❡ ✇❡❜ ♦❢ t❤❡ ❝♦❤❡r❡♥❝❡ s♣❛❝❡ !Bool ✐♥ ●✐r❛r❞✬s ♠♦❞❡❧ ♦❢ ❝♦❤❡r❡♥❝❡ s♣❛❝❡ ✭❜❡❝❛✉s❡ t❤❡
s✉♣♣♦rt ♦❢ m ✐s ♥♦t ❛ ❝❧✐q✉❡✮✳
▲❡t t ∈ Pcoh(X,Y )✱ ✇❡ ❞❡✜♥❡ !t ∈ (R+)|!X|×|!Y | ❜② s❡tt✐♥❣
(!t)m,p =
∑
r∈L(m,p)
[
p
r
]
tr .
❚❤✐s s✉♠ ✐s ✜♥✐t❡ s✐♥❝❡ L(m, p) ✐s ✜♥✐t❡✳
▲❡♠♠❛ ✶✶ ❋♦r ❛♥② x ∈ PX✱ ♦♥❡ ❤❛s !t · x! = (t · x)!✳
Pr♦♦❢✳ ▲❡t x ∈ PX ❛♥❞ ❧❡t p ∈ |!Y |✳ ▲❡t L(p) ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ l ∈ Mfin(|X|)|Y | s✉❝❤ t❤❛t ∀b ∈
|Y | #l(b) = p(b)✳ ●✐✈❡♥ s✉❝❤ ❛♥ l✱ ✇❡ s❡t l1 =
∑
b∈|Y | l(b) ∈ Mfin(|X|)✳ ❚❤❡♥✱ ✇❡ ✐❞❡♥t✐❢② l ✇✐t❤ t❤❡
❡❧❡♠❡♥t l′ ♦❢ L(l1, p) ❞❡✜♥❡❞ ❜② l′(a, b) = l(b)(a)✳ ❖❜s❡r✈❡ t❤❛t✱ ✇✐t❤ t❤❡s❡ ♥♦t❛t✐♦♥s✱
[
p
l′
]
=
∏
b∈|Y | [l(b)]✳
✶✵
❖♥❡ ❤❛s✱ ❝♦♠♣✉t✐♥❣ ✐♥ R+✱
(t · x)!p =
∏
b∈|Y |

 ∑
a∈|X|
ta,bxa


p(b)
✭r❡♠❡♠❜❡r t❤❛t t❤✐s ♣r♦❞✉❝t ✐s ✜♥✐t❡✮
=
∏
b∈|Y |

 ∑
l(b)∈Mfin(|X|)
#l(b)=p(b)
[l(b)]

 ∏
a∈|X|
t
l(b)(a)
a,b

xl(b)


=
∑
l∈L(p)

 ∏
b∈|Y |
[l(b)]

 tl′xl1
=
∑
m∈Mfin(|X|)

 ∑
r∈L(m,p)
[
p
r
]
tr

xm
= (!t · x!)p
✷
▲❡♠♠❛ ✶✷ ▲❡t u ∈ (R+)|!X⊸Y |✳ ❚❤❡♥ ♦♥❡ ❤❛s u ∈ P(!X ⊸ Y ) ❛s s♦♦♥ ❛s ∀x ∈ P(!X) u · x! ∈ PY ✳
Pr♦♦❢✳ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t tu ∈ P(Y ⊥⊸ (!X)⊥)✱ t❤❛t ✐s ∀y′ ∈ PY ⊥ tu · y′ ∈ P(!X)⊥✳ ❇✉t t❤✐s ✐s
❝❧❡❛r✱ s✐♥❝❡ ∀x ∈ PX 〈tu · y′, x!〉 = 〈y′, u · x!〉 ∈ [0, 1] ❜② ❛ss✉♠♣t✐♦♥✳ ✷
▲❡♠♠❛ ✶✸ ❋♦r ❛♥② t ∈ Pcoh(X,Y )✱ ♦♥❡ ❤❛s !t ∈ Pcoh(!X, !Y )✳
❉✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✶✷ ❛♥❞ ♦❢ t❤❡ ❢❛❝t t❤❛t !t · x! = (t · x)!✳
✶✳✻✳✸ ❊♥t✐r❡ ❢✉♥❝t✐♦♥s✳
▲❡♠♠❛ ✶✹ ▲❡t S, T ∈ Pcoh(!X,Y )✳ ■❢✱ ❢♦r ❛❧❧ x ∈ PX✱ ♦♥❡ ❤❛s S · x! = T · x!✱ t❤❡♥ S = T ✳
Pr♦♦❢✳ ▲❡t b ∈ |Y |✳ ▲❡t µ > 0 ❜❡ s✉❝❤ t❤❛t µeb ∈ PY ⊥✳
▲❡t m ∈ |!X|✳ ▲❡t {a1, . . . , an} = supp(m)✳ ▲❡t λ > 0 ❜❡ s✉❝❤ t❤❛t λeai ∈ PX ❢♦r i = 1, . . . , n✳ ▲❡t
θ : [0, λ
n
]n → (R+)|X| ❜❡ ❞❡✜♥❡❞ ❜② θ(z) =∑ni=1 zieai ✱ t❤❡♥ ∀z θ(z) ∈ PX✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ♠❛♣
ϕ :
[
0,
λ
n
]n
→ [0, 1]
z 7→ 〈S · θ(z)!, µeb〉 = 〈T · θ(z)!, µeb〉
▲❡t M =Mfin({a1, . . . , an})✳ ❲❡ ❤❛✈❡✱ ❢♦r ❛❧❧ z ∈
[
0, λ
n
]n
✱
ϕ(z) = µ
∑
m′∈M
Sm′,bz
m′ = µ
∑
m′∈M
Tm′,bz
m′
❙✐♥❝❡
(
0, λ
n
)n
✐s ♦♣❡♥ ✐♥ Rn✱ ✇❡ ❤❛✈❡ Sm′,b = Tm′,b ❢♦r ❡❛❝❤ m
′ ∈ M ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r m′ = m✳ ❙♦
S = T ✳ ✷
●✐✈❡♥ S ∈ P((!X)⊸ Y )✱ ❧❡t Fun(S) : PX → PY ❜❡ ❞❡✜♥❡❞ ❜② Fun(S)(x) = S · x! = fun(S)(x!)✳ ❲❡
❤❛✈❡ s❡❡♥ t❤❛t ✐❢ Fun(S) = Fun(T ) t❤❡♥ S = T ✳
▲❡t ✉s s❛② t❤❛t ❛ ❢✉♥❝t✐♦♥ f : PX → PY ✐s ❡♥t✐r❡ ✐❢ t❤❡r❡ ❡①✐sts S ∈ P((!X)⊸ Y ) s✉❝❤ t❤❛t
f(x) = S · x! ❢♦r ❛❧❧ x ∈ PX✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥✱ t❤❡r❡ ✐s ♦♥❧② ♦♥❡ s✉❝❤ S ✭t❤✐s S ✐s ❛♥❛❧♦❣✉❡ t♦ t❤❡ tr❛❝❡
♦❢ ❛ st❛❜❧❡ ❢✉♥❝t✐♦♥ ✐♥ ❬●✐r✽✼❪✮✳
✶✶
✶✳✻✳✹ ❋✉♥❝t♦r✐❛❧✐t② ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧
Pr♦♣♦s✐t✐♦♥ ✶✺ ❚❤❡ ♦♣❡r❛t✐♦♥ X 7→ !X ❛♥❞ t 7→ !t ✐s ❛ ❢✉♥❝t♦r ❢r♦♠ Pcoh t♦ Pcoh✳
Pr♦♦❢✳ ❲❡ ✉s❡ ▲❡♠♠❛ ✶✹✳ ❲❡ ❤❛✈❡ !IdX · x! = x! ❛♥❞ ❤❡♥❝❡ !IdX = Id!X ✳ ●✐✈❡♥ s ∈ Pcoh(X,Y ) ❛♥❞
t ∈ Pcoh(Y,Z)✱ ❢♦r ❛♥② x ∈ PX✱ ♦♥❡ ❤❛s
!(ts) · x! = (ts · x)!
= (t · (s · x))!
= !t · (s · x)!
= !t · !s · x!
= !t!s · x!
❛♥❞ ❤❡♥❝❡ !(ts) = !t!s ❜② ▲❡♠♠❛ ✶✹✳ ✷
❖❜s❡r✈❡ t❤❛t✱ ✐❢ t ∈ Pcoh(X,Y ) ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠✱ t❤❡♥ !t ✐s ❛❧s♦ ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠✳
❚❤❡ ❝♦♠♦♥❛❞ str✉❝t✉r❡ ♦❢ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ✐s ❞❡✜♥❡❞ ❛s ✉s✉❛❧✳ ❖♥❡ ❤❛s ❛ ❞❡r❡❧✐❝t✐♦♥ ♠❛♣ dX ∈
Pcoh(!X,X) ❣✐✈❡♥ ❜② dXm,a = δm,[a]✳ ❲❡ ❝❤❡❝❦ t❤❛t ✐♥❞❡❡❞
tdX ∈ Pcoh(X⊥, (!X)⊥)✳ ❙♦ ❧❡t x′ ∈ PX⊥✳
❲❡ ❤❛✈❡ t♦ s❤♦✇ t❤❛t tdX · x′ ∈ P(!X)⊥✳ ❙♦ ❧❡t x ∈ PX✳ ❲❡ ❤❛✈❡ 〈tdX · x′, x!〉 = 〈x′,dX · !x〉 = 〈x′, x〉 ∈
[0, 1]✳ ❖❜s❡r✈❡ t❤❛t t❤❡ r❡❛s♦♥✐♥❣ ✐s s✐♠♣❧② ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t ∀x ∈ PX, dX · x! = x✳
❖♥❡ ❤❛s ❛❧s♦ ❛ ❞✐❣❣✐♥❣ ♠♦r♣❤✐s♠ pX ∈ Pcoh(!X, !!X) ❣✐✈❡♥ ❜② pXm,M = δm,ΣM ✳ ❲❡ ❝❤❡❝❦ t❤❛t✱
✐♥❞❡❡❞✱ pX ∈ Pcoh(!X, !!X)✳ ❆s ❛❜♦✈❡✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t✱ ✐❢ x ∈ PX✱ t❤❡♥ pX ·x! ∈ P(!!X)✳ ●✐✈❡♥
M ∈ |!!X|✱ ✇❡ ❤❛✈❡ (pX · x!)M = xΣM = ((x!)!)M s✐♥❝❡ ✐♥❞❡❡❞ ((x!)!)M = (x!)M =
∏
m∈|!X|(x
!
m)
M(m) =∏
m∈|!X|(x
m)M(m) = xΣM ✳ ❲❡ ❤❛✈❡ s❡❡♥ t❤❛t pX · x! = (x!)! ∈ P(!!X)✱ ❛s r❡q✉✐r❡❞✳
❈❤❡❝❦✐♥❣ t❤❛t t❤❡ t❤r❡❡ ❝♦♠♦♥❛❞ ❡q✉❛t✐♦♥s ❛r❡ s❛t✐s✜❡❞✱ ♥❛♠❡❧②
• d!X pX = Id!X
• !(dX) pX = Id!X
• ❛♥❞ p!X pX = !(pX) pX
❝❛♥ ❜❡ ❞♦♥❡ ✉s✐♥❣ ❛❣❛✐♥ ▲❡♠♠❛ ✶✹✳ ❋♦r ✐♥st❛♥❝❡✱ ❢♦r t❤❡ ❧❛st ❡q✉❛t✐♦♥✱ ✇❡ ❤❛✈❡ p!X pX ·x! = p!X ·(x!)! =
((x!)
!
)
!
❛♥❞ !(pX) pX · x! = !(pX)x! = (pX · x!)! = ((x!)!)!✳
❚❤❡ ♥❛t✉r❛❧✐t② ♦❢ dX ❛♥❞ pX ✐s ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳
✶✳✻✳✺ ❈❛rt❡s✐❛♥ ❝❧♦s❡♥❡ss ♦❢ t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r②✳ ❘❡♠❡♠❜❡r t❤❛t t❤✐s ❑❧❡✐s❧✐ ❝❛t❡❣♦r② Pcoh!
✐s ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✿
• ✐ts ♦❜❥❡❝ts ❛r❡ t❤❡ P❈❙s✱
• Pcoh! = Pcoh(!X,Y )✱
• t❤❡ ✐❞❡♥t✐t② ♠❛♣ ✐s dX ∈ Pcoh!(X,X)
• ❛♥❞ ❧❛st✱ ❣✐✈❡♥ S ∈ Pcoh!(X,Y ) ❛♥❞ T ∈ Pcoh!(Y,Z)✱ ❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ❜② T ◦ S = T !S pX ✳
❖♥❡ ❤❛s Fun(dX)(x) = dX · x! = x ❛♥❞ Fun(T ◦ S)(x) = (T !S pX) · x! = T · (!S · (x!)!) = T · (S · x!)! =
(Fun(T ) ◦ Fun(S))(x)✳ ❙♦ ❛♥② ♠♦r♣❤✐s♠ S ∈ Pcoh!(X,Y ) ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ ❛ss♦❝✐❛t❡❞ ❡♥t✐r❡
♠❛♣ Fun(S)✱ ❛♥❞ t❤✐s ✐❞❡♥t✐✜❝❛t✐♦♥ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ❝♦♠♣♦s✐t✐♦♥✳ ❲❡ ✐❞❡♥t✐❢② t❤❡r❡❢♦r❡ Pcoh! ✇✐t❤
t❤❡ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ t❤❡ P❈❙s ❛♥❞ ✇❤❡r❡ ❛ ♠♦r♣❤✐s♠ ❢r♦♠ X t♦ Y ✐s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ ❢r♦♠
PX t♦ PY ✳
❚❤✐s ❑❧❡✐s❧✐ ❝❛t❡❣♦r② Pcoh! ✐s ❝❛rt❡s✐❛♥ ❝❧♦s❡❞✱ ❜❡❝❛✉s❡ t❤❡ P❈❙s !(X & Y ) ❛♥❞ !X⊗ !Y ❛r❡ ♥❛t✉r❛❧❧②
✐s♦♠♦r♣❤✐❝✳ ❚❤✐s ✐s♦♠♦r♣❤✐s♠ ✐s t❤❡ ✇❡❜✲✐s♦♠♦r♣❤✐s♠ ✐♥❞✉❝❡❞ ❜② t❤❡ ✉s✉❛❧ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✇❡❜s
f : |!X ⊗ !Y | → |!(X & Y )|
([a1, . . . , ap], [b1, . . . , bq]) 7→ [(1, a1), . . . , (1, ap), (2, b1), . . . , (2, bq)]
✶✷
▲❡t ✉s ❞❡♥♦t❡ ❜② ϕ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛tr✐①✱ ϕ ∈ (R+)|(!X⊗!Y )⊸!(X&Y )|✱ ❣✐✈❡♥ ❜② ϕ(m,p),q = δf(m,p),q✳
❲❡ ❝❤❡❝❦ t❤❛t ϕ ✐s ✐♥❞❡❡❞ ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ▲❡t ψ ❜❡ t❤❡ ✐♥✈❡rs❡ ✭♦r tr❛♥s♣♦s❡✱ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♥♦t✐♦♥s
❝♦✐♥❝✐❞❡✮ ♦❢ ϕ✳
●✐✈❡♥ x ∈ PX ❛♥❞ y ∈ PY ✱ ✇❡ ❤❛✈❡ ψ · (x⊕ y)! = x! ⊗ y! ❛♥❞ s✐♥❝❡ ❛❧❧ t❤❡ ❡❧❡♠❡♥ts ♦❢ P(!(X & Y ))
❛r❡ ♦❢ t❤❡ s❤❛♣❡ x ⊕ y ✇✐t❤ x ∈ PX ❛♥❞ y ∈ PY ✱ t❤✐s s❤♦✇s t❤❛t ψ ∈ Pcoh(!(X & Y ), !X ⊗ !Y )✳ ❲❡
✇❛♥t ♥♦✇ t♦ s❤♦✇ t❤❛t ϕ ∈ Pcoh(!X ⊗ !Y , !(X & Y ))✳
❇② ▲❡♠♠❛ ✹✱ ❛♥❞ ✉s✐♥❣ t❤❡ ♥♦t❛t✐♦♥s ♦❢ t❤❛t ❧❡♠♠❛✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t
α · ϕ ∈ P(!X ⊸ (!Y ⊸ !(X & Y ))) .
❚❤✐s ✐s ❡❛s② t♦ ♣r♦✈❡✱ ✉s✐♥❣ t✇✐❝❡ ▲❡♠♠❛ ✶✷✱ ❛♥❞ t❤❡ ❢❛❝t t❤❛t
((α · ϕ) · x!) · y! = ψ · (x! ⊗ y!) = (x⊕ y)! .
❚❤❡ ♦❜❥❡❝t ♦❢ ♠♦r♣❤✐s♠s ❢r♦♠ X t♦ Y ✐s t❤❡♥ X ⇒ Y = (!X ⊗ Y ⊥)⊥ = !X ⊸ Y ✳ ❇② t❤❡
❛❜♦✈❡ ✐s♦♠♦r♣❤✐s♠✱ ✇❡ ❤❛✈❡ ❛s ✉s✉❛❧ Pcoh!(Z & X,Y ) = Pcoh(!(Z & X), Y ) ≃ Pcoh(!Z ⊗ !X,Y ) ≃
Pcoh(!Z, !X ⊸ Y ) = Pcoh!(Z,X ⇒ Y )✱ s❤♦✇✐♥❣ t❤❛t Pcoh! ✐s ❝❛rt❡s✐❛♥ ❝❧♦s❡❞✳
❲❡ ❝❛♥ ✐❞❡♥t✐❢② P(X & Y ) ✇✐t❤ PX × PY ❛♥❞ P(X ⇒ Y ) ✇✐t❤ t❤❡ s❡t ♦❢ ❡♥t✐r❡ ❢✉♥❝t✐♦♥s ❢r♦♠ PX
t♦ PY ✳ ❯♥❞❡r t❤❡s❡ ✐❞❡♥t✐✜❝❛t✐♦♥s✱ t❤❡ ❝❛rt❡s✐❛♥ str✉❝t✉r❡ ✐s st❛♥❞❛r❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❡✈❛❧✉❛t✐♦♥
♠❛♣ ev : P((X ⇒ Y ) & X)→ PY ✐s ❣✐✈❡♥ ❜② ev(f, x) = f(x)✱ ❛♥❞✱ ✐❢ f : P(Z & X)→ PY ✐s ❡♥t✐r❡✱ t❤❡
❝✉rr②✜❝❛t✐♦♥ Cur(f) : PZ → P(X ⇒ Y )✱ ✇❤✐❝❤ ✐s ❛♥ ❡♥t✐r❡ ♠❛♣✱ ✐s ❣✐✈❡♥ ❜② Cur(f)(z)(x) = f(z, x)✳
✶✳✻✳✻ ❙❝♦tt✲❝♦♥t✐♥✉✐t② ♦❢ ♠♦r♣❤✐s♠s✳
▲❡♠♠❛ ✶✻ ❚❤❡ ❢✉♥❝t✐♦♥ ❢r♦♠ PX t♦ P(!X) ✇❤✐❝❤ ♠❛♣s x t♦ x! ✐s ❙❝♦tt✲❝♦♥t✐♥✉♦✉s✳
Pr♦♦❢✳ ▲❡t m ∈ |!X|✳ ■❢ x ≤ y ❛r❡ ❡❧❡♠❡♥ts ♦❢ PX✱ t❤❡♥ xm ≤ ym✱ s♦ t❤❡ ♠❛♣ x 7→ x! ✐s ♠♦♥♦t♦♥❡✳ ▲❡t
D ⊆ PX ❜❡ ❞✐r❡❝t❡❞✳ ❚❤❡♥ supx∈D xm = (supD)m✱ ❜② ❝♦♥t✐♥✉✐t② ♦❢ t❤❡ ♠❛♣
Rsupp(m) → R
z 7→ zm
✷
Pr♦♣♦s✐t✐♦♥ ✶✼ ❆♥② ❡♥t✐r❡ ♠❛♣ ✐s ❙❝♦tt✲❝♦♥t✐♥✉♦✉s✳
Pr♦♦❢✳ ❯s❡ ▲❡♠♠❛s ✻ ❛♥❞ ✶✻✳ ✷
■♥ ♣❛rt✐❝✉❧❛r✱ ❛♥② ❡♥t✐r❡ f : PX → PX ❛❞♠✐ts ❛ ❧❡❛st ✜①♣♦✐♥t ✇❤✐❝❤ ✐s supn∈N fn(0) ∈ PX✳
❲❡ ❛♣♣❧② t❤✐s ♦❜s❡r✈❛t✐♦♥ t♦ ❛ ♣❛rt✐❝✉❧❛r ♠♦r♣❤✐s♠✳ ▲❡t X ❜❡ ❛ P❈❙✳ ▲❡t
Y : P((X ⇒ X)⇒ X) → (PX)P(X⇒X)
F 7→ λfX⇒X f(F (f))
❇② ❝❛rt❡s✐❛♥ ❝❧♦s❡♥❡ss ♦❢ Pcoh!✱ t❤✐s ❢✉♥❝t✐♦♥ ✐s ❛♥ ❡♥t✐r❡ ❡♥❞♦♠❛♣ ♦♥ P((X ⇒ X)⇒ X)✳ ▲❡t FixX ∈
P((X ⇒ X)⇒ X) ❜❡ t❤❡ ❧❡❛st ✜①♣♦✐♥t ♦❢ Y✳ ❖❜s❡r✈❡ t❤❛t Yn(0)(f) = fn(0)✳ ❚❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ t❤❡
❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
Pr♦♣♦s✐t✐♦♥ ✶✽ ❋♦r ❛♥② ❡♥t✐r❡ ♠❛♣ f : PX → PX✱ t❤❡ ✈❛❧✉❡ FixX(f) ✐s t❤❡ ❧❡❛st ✜①♣♦✐♥t ♦❢ f ✳
❙♦ t❤❡ ♦♣❡r❛t✐♦♥ ✇❤✐❝❤ s❡♥❞s ❛♥ ❡♥t✐r❡ ❡♥❞♦♠❛♣ t♦ ✐ts ❧❡❛st ✜①♣♦✐♥t ✐s ✐ts❡❧❢ ❡♥t✐r❡✳ ■t ✇✐❧❧ ❜❡ ✉s❡❞ ❢♦r
✐♥t❡r♣r❡t✐♥❣ t❤❡ ✜①♣♦✐♥t ❝♦♥str✉❝t✐♦♥ ♦❢ ♦✉r ♣r♦❜❛❜✐❧✐st✐❝ ✈❡rs✐♦♥ ♦❢ P❈❋✳
✶✸
✷ ❋✐①♣♦✐♥ts ♦❢ t②♣❡s
❖✉r ♠❛✐♥ ❣♦❛❧ ❤❡r❡ ✐s t♦ s❤♦✇ t❤❛t t❤❡ ❝❛t❡❣♦r② Pcoh ❝♦♥t❛✐♥s ❛ r❡✢❡①✐✈❡ ♦❜❥❡❝t✱ t❤❛t ✐s✱ ❛ ♠♦❞❡❧ ♦❢ t❤❡
♣✉r❡ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s✳ ❲❡ s❤❛❧❧ ❞❡✜♥❡ t❤✐s ♦❜❥❡❝t ❛s t❤❡ ❧❡❛st ✜①♣♦✐♥t ♦❢ t❤❡ ♦♣❡r❛t✐♦♥ X 7→ (!(XN+))⊥✳
❚❤✐s ♦♣❡r❛t✐♦♥ ❤♦✇❡✈❡r ✐s ♥♦t ❛ ❝♦✈❛r✐❛♥t ❢✉♥❝t♦r ✇✐t❤ r❡s♣❡❝t t♦ ❡♥t✐r❡ ♠❛♣s ♦r ❡✈❡♥ t♦ ❧✐♥❡❛r ♠❛♣s✱
s♦✱ ❥✉st ❛s ✐♥ ❬●✐r✽✻❪✱ ✇❡ s❤❛❧❧ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❡♠❜❡❞❞✐♥❣✲♣r♦❥❡❝t✐♦♥ ♣❛✐rs✱ ❛♥❞ ♠♦r❡ ♣r❡❝✐s❡❧②✱
t♦ ✏✐♥❝❧✉s✐♦♥s✑ ♦❢ P❈❙s✳ ❚❤✐s ✐s ❝❧❡❛r❧② q✉✐t❡ ❛ r❡str✐❝t✐✈❡ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ P❈❙s✳
●✐✈❡♥ t✇♦ s❡ts S, T ✇✐t❤ S ⊆ T ✱ ✇❡ ❞❡✜♥❡ ζS,T ∈ (R+)S×T ❛♥❞ ρS,T ∈ (R+)T×S ❜② (ζS,T )a,b =
(ρS,T )b,a = δa,b ❢♦r a ∈ S ❛♥❞ b ∈ T ✳
✷✳✶ ❙✉❜str✉❝t✉r❡s ❛♥❞ ❧✐♠✐ts ♦❢ ❞✐r❡❝t❡❞ s②st❡♠s ♦❢ P❈❙s
▲❡t X ❛♥❞ Y ❜❡ P❈❙s✳ ❲❡ s❛② t❤❛t X ✐s ❛ s✉❜✲P❈❙ ♦❢ Y ♦r t❤❛t X ✐s ✐♥❝❧✉❞❡❞ ✐♥ Y ✱ ❛♥❞ ✇r✐t❡ X ⊆ Y ✱
✐❢ |X| ⊆ |Y | ❛♥❞
∀x ∈ PX ζ|X|,|Y | · x ∈ PY
∀y ∈ PY ρ|X|,|Y | · y ∈ PX .
❙♦
X ⊆ Y ⇔ |X| ⊆ |Y |, ζ|X|,|Y | ∈ Pcoh(X,Y ) ❛♥❞ ρ|X|,|Y | ∈ Pcoh(Y,X) ✭✶✮
■❢ X1 ⊆ X2 ⊆ X3✱ t❤❡♥ X1 ⊆ X3 ✇✐t❤
ζ|X2|,|X3|ζ|X1|,|X2| = ζ|X1|,|X3| ❛♥❞ ρ|X1|,|X2|ρ|X2|,|X3| = ρ|X1|,|X3| . ✭✷✮
▲❡♠♠❛ ✶✾ ■❢ X ⊆ Y ✱ t❤❡♥ X⊥ ⊆ Y ⊥✳
❚❤✐s ✐s ❞✉❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜✈✐♦✉s ❢❛❝ts✿
tζ|X|,|Y | = ρ|X⊥|,|Y ⊥| ❛♥❞
tρ|X|,|Y | = ζ|X⊥|,|Y ⊥| .
▲❡♠♠❛ ✷✵ ■❢ X ⊆ Y ❛♥❞ a ∈ |X|✱ t❤❡♥ cX(a) = cY (a)✳
Pr♦♦❢✳ ❙✐♥❝❡ cX(a)ea ∈ PX ⊆ PY ✱ ✇❡ ❤❛✈❡ cX(a) ≤ cY (a)✳ ❋♦r t❤❡ s❛♠❡ r❡❛s♦♥✱ s✐♥❝❡ X⊥ ⊆ Y ⊥✱ ✇❡
❤❛✈❡ cX⊥(a) ≤ cY ⊥(a)✳ ❇✉t r❡♠❡♠❜❡r t❤❛t cX⊥(a) = cX(a)−1 ❛♥❞ cY ⊥(a) = cY (a)−1✳ ✷
❲❡ ❞❡♥♦t❡ ❜② Pcoh⊆ t❤❡ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ t❤❡ P❈❙s ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s ❛r❡ t❤❡ ✐♥✲
❝❧✉s✐♦♥s ♦❢ P❈❙s✱ s♦ t❤❛t Pcoh⊆ ✐s ❛❝t✉❛❧❧② ❛ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❝❧❛ss✱ ✇❤♦s❡ ❧❡❛st ❡❧❡♠❡♥t ✐s 0✱ t❤❡
❡♠♣t②✲✇❡❜ P❈❙✳ ❖❢ ❝♦✉rs❡✱ ✐♥❝❧✉s✐♦♥s ♦❢ P❈❙s ❛r❡ ❛ ✈❡r② r❡str✐❝t✐✈❡ ♥♦t✐♦♥ ♦❢ ♠♦r♣❤✐s♠✱ s✉✣❝✐❡♥t ❤♦✇✲
❡✈❡r ❢♦r ♦✉r ♣✉r♣♦s❡✳ ❆♥ ✐♠♠❡❞✐❛t❡ ❣❡♥❡r❛❧✐③❛t✐♦♥ ✇♦✉❧❞ ❜❡ t♦ ❝♦♥s✐❞❡r ♠❛♣s ✇❤✐❝❤ ❛r❡ ❝♦♠♣♦s✐t❡s ♦❢
✐♥❝❧✉s✐♦♥s ❛♥❞ ✇❡❜✲✐s♦♠♦r♣❤✐s♠s✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♥♦t✐♦♥ ♦❢ ❡♠❜❡❞❞✐♥❣✲r❡tr❛❝t✐♦♥ ♣❛✐rs ♦❢ ❬●✐r✽✻❪✳
❚❤✐s ✐s ♥♦t ♥❡❝❡ss❛r② ❤❡r❡ ❛♥❞ t❤❡ ❜❡♥❡✜t ♦❢ t❤✐s s✐♠♣❧✐✜❝❛t✐♦♥ ✐s t❤❛t ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ❝❧❛ss ♦❢ P❈❙s
❛s ❛ ✏❝♣♦✑✳
✷✳✶✳✶ ■♥❞✉❝t✐✈❡ ❧✐♠✐ts ♦❢ ❞✐r❡❝t❡❞ ❢❛♠✐❧✐❡s ✐♥ Pcoh⊆✳ ▲❡t Γ ❜❡ ❛ ❞✐r❡❝t❡❞ s❡t✳ ▲❡t (Xγ)γ∈Γ ❜❡
❛ ❞✐r❡❝t❡❞ ❢❛♠✐❧② ♦❢ P❈❙s✱ ✇✐t❤ Xγ ⊆ Xδ ❢♦r ❡❛❝❤ γ, δ ∈ Γ ✇✐t❤ γ ≤ δ ✭s✉❝❤ ❛ ❢❛♠✐❧② ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛
❞✐r❡❝t❡❞ ❢❛♠✐❧② ♦❢ P❈❙s✮✳
▲❡t S = ∪γ∈Γ|Xγ |✳ ▲❡t ζγ = ζ|Xγ |,S ∈ (R+)|Xγ |×S ❛♥❞ ργ = ρ|Xγ |,S ∈ (R+)S×|Xγ |✳ ■❢ γ ≤ δ✱ ✇❡ s❡t
ζγ,δ = ζ|Xγ |,|Xδ| ❛♥❞ ργ,δ = ρ|Xγ |,|Xδ|✳
❚❤❡♥✱ ✇❡ ❞❡✜♥❡ ❛ P❈❙ ∪γ∈ΓXγ ❜② s❡tt✐♥❣
• |∪γ∈ΓXγ | = S = ∪γ∈Γ|Xγ |
• ❛♥❞ P(∪γ∈ΓXγ) = {ζγ · x | γ ∈ Γ ❛♥❞ x ∈ PXγ}⊥⊥✳
❲❡ ❝❤❡❝❦ t❤❛t ∪γ∈ΓXγ s♦ ❞❡✜♥❡❞ ✐s ❛ P❈❙✳ ❚❤❡ ✐♥❝❧✉s✐♦♥ P(∪γ∈ΓXγ)⊥⊥ ⊆ P(∪γ∈ΓXγ) r❡s✉❧ts
❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ P(∪γ∈ΓXγ) ❛s ❛ ❞✉❛❧✳ ❙♦ ✇❡ ❛r❡ ❧❡❢t ✇✐t❤ ❝❤❡❝❦✐♥❣ ❝♦♥❞✐t✐♦♥s ✭✷✮ ❛♥❞ ✭✸✮ ♦❢ t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ P❈❙s✳ ▲❡t a ∈ S ❛♥❞ ❧❡t γ ∈ Γ ❜❡ s✉❝❤ t❤❛t a ∈ |Xγ |✳ ❖❜s❡r✈❡ ✜rst t❤❛t✱ ❢♦r ❛♥② δ ∈ Γ s✉❝❤
✶✹
t❤❛t a ∈ |Xδ|✱ ♦♥❡ ❝❛♥ ✜♥❞ ❛ η ∈ Γ s✉❝❤ t❤❛t γ, δ ≤ η✱ ❛♥❞ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ cXγ (a) = cXη (a) = cXδ(a)
❜② ▲❡♠♠❛ ✷✵✳
❙✐♥❝❡ cXγ (a)ea ∈ PXγ ✱ ✇❡ ❤❛✈❡ ζγ · cXγ (a)ea ∈ P(∪δ∈ΓXδ) ❛♥❞ t❤❡r❡❢♦r❡ c∪δ∈ΓXδ(a) ≥ cXγ (a) > 0✳
❈♦♥✈❡rs❡❧②✱ ✇❡ ❤❛✈❡ cX(a)
−1ea ∈ (PXγ)⊥✳ ❲❡ s❤♦✇ t❤❛t cX(a)−1ea ∈ (∪δ∈Γ PXδ)⊥✳ ▲❡t δ ∈ Γ ❛♥❞ ❧❡t
y ∈ PXδ✳ ❲❡ ❤❛✈❡ (ζδ · y)a = ya ≤ cXδ(a) = cXγ (a)✳ ❚❤❡r❡❢♦r❡ 〈cX(a)−1ea, ζδ · y〉 ≤ 1 ❛s r❡q✉✐r❡❞✳
❚❤✐s s❤♦✇s t❤❛t ∪γ∈ΓXγ ✐s ❛ P❈❙✱ ✇❤✐❝❤ ❤❛s ❛ ❝♦✉♥t❛❜❧❡ ✇❡❜ ❛s s♦♦♥ ❛s Γ ❛♥❞ t❤❡ |Xγ |s ❛r❡
❝♦✉♥t❛❜❧❡✳
▲❡t γ ∈ Γ✳ ❲❡ ❝❤❡❝❦ t❤❛t Xγ ⊆ ∪δ∈ΓXδ✳ ❖❜✈✐♦✉s❧②✱ ❢♦r ❛♥② x ∈ PXγ ✱ ✇❡ ❤❛✈❡ ζγ ·x ∈ P(∪δ∈ΓX Xγ)✳
▲❡t x′ ∈ PX⊥γ ❛♥❞ ❧❡t y ∈ PXδ ❢♦r s♦♠❡ δ ∈ Γ✳ ▲❡t η ∈ Γ ❜❡ s✉❝❤ t❤❛t γ, δ ≤ η✳ ❲❡ ❤❛✈❡
〈tργ · x′, ζδ · y〉 = 〈tρηtργ,η · x′, ζηζδ,η · y〉
= 〈tργ,η · x′, ρηζηζδ,η · y〉
= 〈tργ,η · x′, ζδ,η · y〉 ∈ [0, 1]
s✐♥❝❡ tργ,η · x′ ∈ PX⊥η ❛♥❞ ζδ,η · y ∈ PXη✳
Pr♦♣♦s✐t✐♦♥ ✷✶ (∪γ∈ΓXγ , (ζγ)γ∈Γ) ✐s t❤❡ ❝♦❧✐♠✐t ❝♦❝♦♥❡ ♦❢ t❤❡ ❞✐❛❣r❛♠ ((Xγ)γ∈Γ, (ζγ,δ)γ≤δ) ✐♥ t❤❡
❝❛t❡❣♦r② Pcoh✳
Pr♦♦❢✳ ▲❡t Y ❜❡ ❛ P❈❙ ❛♥❞ ❧❡t (uγ)γ∈Γ ❜❡ ❛ ❝♦❝♦♥❡ t♦ Y ❜❛s❡❞ ♦♥ t❤❛t ❞✐❛❣r❛♠✱ t❤❛t ✐s✱ ❛ ❢❛♠✐❧② ♦❢
♠❛tr✐❝❡s ✇✐t❤ uγ ∈ Pcoh(Xγ , Y ) ❢♦r ❡❛❝❤ γ ∈ Γ ❛♥❞ s✉❝❤ t❤❛t
∀γ, δ ∈ Γ γ ≤ δ ⇒ uδζγ,δ = uγ . ✭✸✮
●✐✈❡♥ γ, δ ∈ Γ s✉❝❤ t❤❛t γ ≤ δ ❛♥❞ ❣✐✈❡♥ a ∈ |Xγ | ❛♥❞ c ∈ |Y |✱ ❜② ✭✸✮✱ ✇❡ ❤❛✈❡ (uδ)a,c = (uγ)a,c✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ ♠❛tr✐① u ∈ (R+)|∪γ∈ΓXγ |×|Y | ❜② s❡tt✐♥❣ ua,c = (uγ)a,c ✇❤❡r❡ γ ∈ Γ ✐s s✉❝❤
t❤❛t a ∈ |Xy| ✭t❤❡ ✈❛❧✉❡ ♦❢ (uγ)a,c ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❝❤♦✐❝❡ ♦❢ γ s✐♥❝❡ Γ ✐s ❞✐r❡❝t❡❞✮✳ ❖❜s❡r✈❡ t❤❛t
uζγ = uγ ❢♦r ❛❧❧ γ ∈ Γ✳
▲❡t y′ ∈ PY ⊥✱ ✇❡ ♣r♦✈❡ t❤❛t tu · y′ ∈ P(∪γ∈ΓXγ)⊥✳ ❙♦ ❧❡t γ ∈ Γ ❛♥❞ ❧❡t x ∈ PXγ ✳ ❲❡ ❤❛✈❡
〈tu · y′, ζγ · x〉 = 〈y′, uζγ · x〉 = 〈y′, uγ · x〉 ∈ [0, 1]✳ ❚❤✐s s❤♦✇s t❤❛t u ∈ Pcoh(∪γ∈ΓXγ , Y )✳ ▼♦r❡♦✈❡r✱ ✐t
✐s ❝❧❡❛r t❤❛t u ✐s t❤❡ ✉♥✐q✉❡ ❡❧❡♠❡♥t ♦❢ u ∈ Pcoh(∪γ∈ΓXγ , Y ) s✉❝❤ t❤❛t uζγ = uγ ❢♦r ❛❧❧ γ ∈ Γ✳ ✷
❲❡ ❣✐✈❡ ♥♦✇ ❛ ✏♣r♦❥❡❝t✐✈❡✑ ❛❝❝♦✉♥t ♦❢ t❤✐s ❝♦❧✐♠✐t✳ ❚❤✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ♦r❞❡r✲t❤❡♦r❡t✐❝ ❝♦♥s✐❞❡r❛t✐♦♥s
♦❢ ❙❡❝t✐♦♥ ✶✳✸✳
Pr♦♣♦s✐t✐♦♥ ✷✷ ▲❡t y ∈ (R+)|∪γ∈ΓXγ |✳ ❖♥❡ ❤❛s
y ∈ P( ∪
γ∈Γ
Xγ) ⇔ ∀γ ∈ Γ ργ · y ∈ PXγ
Pr♦♦❢✳ ❆ss✉♠❡ ✜rst t❤❛t y ∈ P(∪γ∈ΓXγ)✳ ▲❡t x′ ∈ PX⊥γ ✳ ❲❡ ❤❛✈❡ tργ · x′ ∈ P(∪δ∈ΓXδ)⊥ ❜❡❝❛✉s❡
Xγ ⊆ ∪δ∈ΓXδ✱ ❛♥❞ ❤❡♥❝❡ X⊥γ ⊆ (∪δ∈ΓXδ)⊥✳ ❚❤❡r❡❢♦r❡✱ 〈y, tργ · x′〉 ∈ [0, 1]✱ t❤❛t ✐s 〈ργ · y, x′〉 ∈ [0, 1]✳
❙✐♥❝❡ t❤✐s ❤♦❧❞s ❢♦r ❛❧❧ x′ ∈ PXγ ✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ργ · y ∈ PXγ ✳
❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t ργ ·y ∈ PXγ ❢♦r ❡❛❝❤ γ ∈ Γ✳ ▲❡t y(γ) = ζγργ ·y✳ ❲❡ ❤❛✈❡ y(γ) ∈ P(∪δ∈ΓXδ)✳
▼♦r❡♦✈❡r✱ ❢♦r a ∈ |∪δ∈ΓXδ|✱ ✇❡ ❤❛✈❡ y(γ)a = ya ✐❢ a ∈ |Xγ | ❛♥❞ y(γ)a = 0 ♦t❤❡r✇✐s❡✳ ❙♦ t❤❡ ❢❛♠✐❧②
(y(γ))γ∈Γ ✐s ❞✐r❡❝t❡❞ ✐♥ P(∪δ∈ΓXδ) ❛♥❞ ✐ts ❧✉❜ ✐s y✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t y ∈ P(∪δ∈ΓXδ)✳
✷
Pr♦♣♦s✐t✐♦♥ ✷✸ ■❢ Y ✐s ❛ P❈❙ ❛♥❞ ✐❢ ✇❡ ❤❛✈❡ Xγ ⊆ Y ❢♦r ❛❧❧ γ ∈ Γ✱ t❤❡♥ ∪γ∈ΓXγ ⊆ Y ✳ ❚❤❛t ✐s✱
∪γ∈ΓXγ ⊆ Y ✐s t❤❡ ❝♦❧✐♠✐t ♦❢ (Xγ)γ∈Γ ✐♥ t❤❡ ❝❛t❡❣♦r② ✭♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❝❧❛ss✮ Pcoh⊆✳
Pr♦♦❢✳ ▲❡t X = ∪γ∈ΓXγ ✳ ❇② ❛ss✉♠♣t✐♦♥✱ ✇❡ ❤❛✈❡ |X| ⊆ |Y |✳ ▲❡t ζ ∈ (R+)|X|×|Y | ❜❡ t❤❡ ♠❛tr✐① ♦❢
t❤✐s ✐♥❝❧✉s✐♦♥ ❛♥❞ ρ ∈ (R+)|Y |×|X| ❜❡ ✐ts tr❛♥s♣♦s❡✳
❇② Pr♦♣♦s✐t✐♦♥ ✷✶✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡ θ ∈ Pcoh(X,Y ) s✉❝❤ t❤❛t θζγ = ζ|Xγ |,|Y | ❢♦r ❡❛❝❤ γ ∈ Γ✳ ❇②
t❤❡s❡ ❡q✉❛t✐♦♥s✱ ✇❡ ❤❛✈❡ θ = ζ✳ ▲❡t y ∈ PY ✱ ❢♦r ❝♦♥❝❧✉❞✐♥❣✱ ✇❡ ♠✉st s❤♦✇ t❤❛t ρ · y ∈ PX✳ ❲❡ ❛♣♣❧②
Pr♦♣♦s✐t✐♦♥ ✷✷✱ s♦ ❧❡t γ ∈ Γ✳ ❲❡ ❤❛✈❡ ργ · (ρ · y) = ρXγ ,Y · y✱ ❛♥❞ ✇❡ ❦♥♦✇ t❤❛t ρXγ ,Y · y ∈ PXγ ❜❡❝❛✉s❡
Xγ ⊆ Y ✳ ❙✐♥❝❡ t❤✐s ❤♦❧❞s ❢♦r ❛❧❧ γ ∈ Γ✱ ✇❡ ❤❛✈❡ ρ · y ∈ PX✳ ✷
✶✺
Pr♦♣♦s✐t✐♦♥ ✷✹ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ∪γ∈Γ ✐s ❛✉t♦❞✉❛❧✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❣✐✈❡♥ ❛ ❞✐r❡❝t❡❞ s②st❡♠ (Xγ)γ∈Γ
♦❢ P❈❙s✱ ♦♥❡ ❤❛s
( ∪
γ∈Γ
Xγ)
⊥ = ∪
γ∈Γ
X⊥γ .
Pr♦♦❢✳ ▲❡t δ ∈ Γ✳ ❲❡ ❤❛✈❡ Xδ ⊆ ∪γ∈ΓXγ ✱ ❤❡♥❝❡ X⊥δ ⊆ (∪γ∈ΓXγ)⊥✱ ❛♥❞ t❤❡r❡❢♦r❡ ∪γ∈ΓX⊥γ ⊆
(∪γ∈ΓXγ)⊥ ❜② Pr♦♣♦s✐t✐♦♥ ✷✸✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ t❤❡s❡ t✇♦ P❈❙s ❤❛✈❡ t❤❡ s❛♠❡ ✇❡❜✱ t❤❡② ❛r❡ ❡q✉❛❧✳ ✷
✷✳✶✳✷ ❈♦♥t✐♥✉♦✉s ❢✉♥❝t♦rs ♦♥ Pcoh⊆✳ ▲❡t k ∈ N✳ ❲❡ ❞❡♥♦t❡ ❜② Pcohk⊆ t❤❡ k✲❢♦❧❞ ♣r♦❞✉❝t
♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❝❧❛ss ✭❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝❛t❡❣♦r②✮✳ ❲❡ ✉s❡ ❛ ✈❡❝t♦r ♥♦t❛t✐♦♥ ~❴ ❢♦r ❞❡♥♦t✐♥❣ t❤❡ ♦❜❥❡❝ts
♦❢ t❤✐s ❝❧❛ss✱ ❛♥❞ ⊆ ❢♦r t❤❡ ♣❛rt✐❛❧ ♦r❞❡r ♦❢ t❤✐s ❝❧❛ss✳
❆ ❢✉♥❝t♦r F : Pcohk⊆ → Pcoh⊆ ✐s ❝♦♥t✐♥✉♦✉s ✐❢ ✐t ❝♦♠♠✉t❡s ✇✐t❤ ❞✐r❡❝t❡❞ ❝♦❧✐♠✐ts ♦❢ P❈❙s✱ t❤❛t ✐s
F (∪γ∈Γ ~Xγ) = ∪γ∈ΓF ( ~Xγ)✳
▲❡t 0 ❜❡ t❤❡ ❡♠♣t②✲✇❡❜ P❈❙✳ ●✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t♦r G : Pcoh⊆ → Pcoh⊆✱ t❤❡ s❡q✉❡♥❝❡
(Gn(0))n∈N ✐s ❛ ❞✐r❡❝t❡❞ s②st❡♠ ♦❢ P❈❙s✱ ✇❤♦s❡ ❝♦❧✐♠✐t FIX(G) = ∪n∈NGn(0) s❛t✐s✜❡s
G(FIX(G)) = FIX(G) , ✭✹✮
❜② ❝♦♥t✐♥✉✐t② ♦❢ G✳ ▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❣✐✈❡♥ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t♦r F : Pcohk+1⊆ → Pcoh⊆✱ t❤❡ ♦♣❡r❛t✐♦♥
~X 7→ FIX(F ( ~X,❴)) ✐s ❡❛s✐❧② s❤♦✇♥ t♦ ❜❡ ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t♦r Pcohk⊆ → Pcoh⊆✱ ✉s✐♥❣ t❤❡ ✉♥✐✈❡rs❛❧
♣r♦♣❡rt② ♦❢ t❤❡ ❝♦❧✐♠✐t ✐♥ Pcoh⊆✳
✷✳✶✳✸ ❈♦♥t✐♥✉✐t② ♦❢ ❧♦❣✐❝❛❧ ❢✉♥❝t♦rs✳ ❲❡ s❤♦✇ t❤❛t t❤❡ ✈❛r✐♦✉s ♦♣❡r❛t✐♦♥s ♦♥ ♦❜❥❡❝ts ✇❡ ❤❛✈❡
✐♥tr♦❞✉❝❡❞ ❛r❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t♦rs✳
▲❡♠♠❛ ✷✺ ■❢ X1 ⊆ X2 ❛♥❞ Y1 ⊆ Y2✱ t❤❡♥ X1 ⊗ Y1 ⊆ X2 ⊗ Y2✱ ❛♥❞ ♦♥❡ ❤❛s
ζ|X1⊗Y1|,|X2⊗Y2| = ζ|X1|,|X2| ⊗ ζ|Y1|,|Y2| ❛♥❞ ρ|X1⊗Y1|,|X2⊗Y2| = ρ|X1|,|X2| ⊗ ρ|Y1|,|Y2| .
▼♦r❡♦✈❡r✱ ✐❢ (Xγ)γ∈Γ ✐s ❛ ❞✐r❡❝t❡❞ s②st❡♠s ♦❢ P❈❙s ❛♥❞ Y ✐s ❛ P❈❙✱ t❤❡♥
∪
γ∈Γ
(Y ⊗Xγ) = Y ⊗ ( ∪
γ∈Γ
Xγ) .
Pr♦♦❢✳ ❇② ❢✉♥❝t♦r✐❛❧✐t② ♦❢⊗✱ ✇❡ ❦♥♦✇ t❤❛t ζX1,X2⊗ζY1,Y2 ∈ Pcoh(X1⊗Y1, X2⊗Y2) ❛♥❞ ρX1,X2⊗ρY1,Y2 ∈
Pcoh(X2⊗Y2, X1⊗Y1)✳ ❙♦✱ ❜② ✭✶✮✱ ✐t s✉✣❝❡s t♦ ❝❤❡❝❦ t❤❛t t❤❡ t✇♦ ❛♥♥♦✉♥❝❡❞ ❡q✉❛t✐♦♥s ❤♦❧❞✱ ❛♥❞ t❤✐s
✐s ✈❡r② ❡❛s②✳
❆s t♦ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ❧❡♠♠❛✱ ✇❡ ❝♦✉❧❞ ✉s❡ ❛ s✐♠♣❧❡ ❝❛t❡❣♦r✐❝❛❧ ❛r❣✉♠❡♥t✿ ❛s ❛ ❧❡❢t ❛❞❥♦✐♥t✱
t❤❡ ❢✉♥❝t♦r Y ⊗❴ ❝♦♠♠✉t❡s ✇✐t❤ ❛r❜✐tr❛r② ❝♦❧✐♠✐ts ✐♥ Pcoh✳ ▼♦r❡ ❝♦♥❝r❡t❡❧②✱ ✇❡ ❦♥♦✇ t❤❛t
∪
γ∈Γ
(Y ⊗Xγ) ⊆ Y ⊗ ( ∪
γ∈Γ
Xγ)
❜② Pr♦♣♦s✐t✐♦♥ ✷✸✳ ❇✉t t❤❡ ✇❡❜ ♦❢ t❤❡s❡ P❈❙s ❛r❡ ❡q✉❛❧✱ s♦ t❤❡ P❈❙s ❛r❡ ❡q✉❛❧✳ ✷
❚❤❡ ♥❡①t t✇♦ ❧❡♠♠❛s ❛r❡ ♣r♦✈❡❞ ✐♥ t❤❡ s❛♠❡ ✇❛②✳
▲❡♠♠❛ ✷✻ ■❢ X1 ⊆ X2✱ t❤❡♥ !X1 ⊆ !X2✱ ✇✐t❤
ζ!X1,!X2 = !ζX1,X2 ❛♥❞ ρ!X1,!X2 = !ρX1,X2 .
▼♦r❡♦✈❡r✱ ✐❢ (Xγ)γ∈Γ ✐s ❛ ❞✐r❡❝t❡❞ s②st❡♠ ♦❢ P❈❙s✱ t❤❡♥
!( ∪
γ∈Γ
Xγ) = ∪
γ∈Γ
!Xγ .
▲❡♠♠❛ ✷✼ ■❢ X1 ⊆ X2✱ t❤❡♥ XI1 ⊆ XI2 ✱ ✇✐t❤
ζXI1 ,XI2 = ζ
I
X1,X2
❛♥❞ ρXI1 ,XI2 = ρ
I
X1,X2
.
▼♦r❡♦✈❡r✱ ✐❢ (Xγ)γ∈Γ ✐s ❛ ❞✐r❡❝t❡❞ s②st❡♠ ♦❢ P❈❙s✱ t❤❡♥
( ∪
γ∈Γ
Xγ)
I = ∪
γ∈Γ
XIγ .
▲❛st✱ r❡♠❡♠❜❡r t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ X 7→ X⊥ ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t♦r ♦♥ Pcoh⊆ ❜② Pr♦♣♦s✐t✐♦♥ ✷✹✳
✶✻
✷✳✷ ❆ ♠♦❞❡❧ ♦❢ t❤❡ ♣✉r❡ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s ✐♥ Pcoh
▲❡t ✉s ✇r✐t❡ X ≃w Y ✐❢ t❤❡ P❈❙s X ❛♥❞ Y ❛r❡ ✇❡❜✲✐s♦♠♦r♣❤✐❝✳ ●✐✈❡♥ ❛♥② P❈❙ X✱
X & XN ≃w XN . ✭✺✮
❚❤✐s ✇❡❜✲✐s♦♠♦r♣❤✐s♠ s ✐s ❣✐✈❡♥ ❜②
s(1,a),(j,b) = δj,0δa,b ❛♥❞ s(2,(i,a)),(j,b) = δj,i+1δa,b .
▲❡t F : Pcoh⊆ → Pcoh⊆ ❜❡ t❤❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t♦r ❞❡✜♥❡❞ ❜② F (X) = (!(XN))⊥✳ ▲❡tD∞ = FIX(F )✳
Pr♦♣♦s✐t✐♦♥ ✷✽ ❚❤❡r❡ ✐s ❛ ✇❡❜✲✐s♦♠♦r♣❤✐s♠ ♦❢ P❈❙s ϕ : D∞ → (D∞ ⇒ D∞)✳
Pr♦♦❢✳ ❲❡ ❤❛✈❡
D∞ ⇒ D∞ = (!D∞ ⊗D⊥∞)⊥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ ❴⇒ ❴
= (!D∞ ⊗ !DN∞)⊥ ❜② ❞❡✜♥✐t✐♦♥ ♦❢ D∞ ❛♥❞ ❜② ✭✹✮
≃w (!(D∞ & DN∞))⊥ ❜② t❤❡ ✐s♦ ♦❢ ✶✳✻✳✺
≃w (!DN∞)⊥ ❜② ✭✺✮ .
✷
■♥ ❬❇❊▼✵✼❪✱ ✇❡ s❤♦✇❡❞ t❤❛t |D∞| ✐s ❛♥ ❡①t❡♥s✐♦♥❛❧ ♠♦❞❡❧ ♦❢ t❤❡ ♣✉r❡ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s ✐♥ t❤❡ ❝❛rt❡s✐❛♥
❝❧♦s❡❞ ❝❛t❡❣♦r② Rel! ✭t❤❡ ❑❧❡✐s❧✐ ❝❛t❡❣♦r② ♦❢ t❤❡ ❝♦♠♦♥❛❞ S → !S = Mfin(S) ♦♥ t❤❡ ❝❛t❡❣♦r② Rel ♦❢
s❡ts ❛♥❞ r❡❧❛t✐♦♥s✱ ✇❤✐❝❤ ✐s ❛ ✇❡❧❧ ❦♥♦✇♥ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✮✳ ❲❡ ❤❛✈❡ ❥✉st ❡①t❡♥❞❡❞ t❤❛t r❡s✉❧t✱
s❤♦✇✐♥❣ t❤❛t D∞✱ ✇❤✐❝❤ ✐s ❥✉st |D∞| ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ❝❛♥♦♥✐❝❛❧ P❈❙ str✉❝t✉r❡✱ ✐s ❛ ♠♦❞❡❧ ♦❢ t❤❡ ♣✉r❡
❧❛♠❜❞❛✲❝❛❧❝✉❧✉s ✐♥ t❤❡ ❝❛rt❡s✐❛♥ ❝❧♦s❡❞ ❝❛t❡❣♦r② Pcoh!✳
❚❤❡r❡❢♦r❡✱ ✐t ✐s ❛❧s♦ ❛ ♠♦❞❡❧ ♦❢ t❤❡ ♣✉r❡ ♣r♦❜❛❜✐❧✐st✐❝ ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s ✇❤✐❝❤ ✐s t❤❡ ♣✉r❡ ❧❛♠❜❞❛✲
❝❛❧❝✉❧✉s ❡①t❡♥❞❡❞✱ ❡✳❣✳ ✇✐t❤ ❛♥ ♦♣❡r❛t✐♦♥ ran(λ,M,N) ✇❤❡r❡ λ ∈ [0, 1] ❛♥❞ M ❛♥❞ N ❛r❡ t❡r♠s✳ ❚❤❡
r❡❞✉❝t✐♦♥ r✉❧❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ❝♦♥str✉❝t✐♦♥ ✐s t❤❛t λ~ζ (ran(λ, P,Q)) ~R r❡❞✉❝❡s t♦ λ~ζ (P ) ~R ✇✐t❤
♣r♦❜❛❜✐❧✐t② λ ❛♥❞ t♦ λ~ζ (Q) ~R ✇✐t❤ ♣r♦❜❛❜✐❧✐t② 1 − λ❀ t❤✐s ♣r♦❜❛❜✐❧✐st✐❝ r❡❞✉❝t✐♦♥ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞
♦♥❧② ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ r❡❞❡① ran(λ,M,N) ✐s ✐♥ ❤❡❛❞ ♣♦s✐t✐♦♥ ✭♦r✱ ♠♦r❡ ❣❡♥❡r❛❧❧②✱ ✐♥ ❧✐♥❡❛r ♣♦s✐t✐♦♥✮✳
❚❤❡ ♣r❡❝✐s❡ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ♦♣❡r❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ♦❢ t❤✐s ❧❛♠❜❞❛✲❝❛❧❝✉❧✉s ❛♥❞ ✐ts
❞❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐♥ D∞ ✇✐❧❧ ❜❡ ❛❞❞r❡ss❡❞ ✐♥ ❢✉t✉r❡ ✇♦r❦✳
❋♦r t❤❡ t✐♠❡ ❜❡✐♥❣✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ s❛♠❡ ♣r♦❜❧❡♠✱ ✐♥ t❤❡ s❡tt✐♥❣ ♦❢ P❈❋✱ ✇❤✐❝❤ ✐s s✐♠♣❧❡r t❤❛♥❦s t♦
t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛ ❣r♦✉♥❞ t②♣❡ ❢♦r ✇❤✐❝❤ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ s❡♠❛♥t✐❝s ✐s ❝❧❡❛r✳
✸ Pr♦❜❛❜✐❧✐st✐❝ P❈❋
❲❡ ✐♥tr♦❞✉❝❡ t❤❡ ❧❛♥❣✉❛❣❡ PPCF✱ ❛ ♣r♦❜❛❜✐❧✐st✐❝ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❢✉♥❝t✐♦♥❛❧ ❧❛♥❣✉❛❣❡ P❈❋ ❬P❧♦✼✼❪✳
❚❤❡ ❧❛♥❣✉❛❣❡ ✐s s✐♠♣❧② t②♣❡❞✿
• ι ✐s ❛ t②♣❡
• ❛♥❞ ✐❢ σ ❛♥❞ τ ❛r❡ t②♣❡s✱ s♦ ✐s σ ⇒ τ ✳
❚❡r♠s ❛r❡ ❞❡✜♥❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ s②♥t❛①✳ ❲❡ ❛r❡ ❣✐✈❡♥ ❛♥ ✐♥✜♥✐t❡ ❝♦✉♥t❛❜❧❡ s❡t ♦❢ ✈❛r✐❛❜❧❡s✳
• ❆♥② ✈❛r✐❛❜❧❡ ζ ✐s ❛ t❡r♠❀
• ✐❢ P ✐s ❛ t❡r♠✱ ζ ✐s ❛ ✈❛r✐❛❜❧❡ ❛♥❞ σ ✐s ❛ t②♣❡✱ t❤❡♥ λζσ P ✐s ❛ t❡r♠❀
• ✐❢ P ❛♥❞ Q ❛r❡ t❡r♠s✱ s♦ ✐s (P )Q❀
• ✐❢ P ✐s ❛ t❡r♠ t❤❡♥ s♦ ✐s fix(P )❀
• ✐❢ n ∈ N t❤❡♥ n ✐s ❛ t❡r♠❀
• ✐❢ P ✐s ❛ t❡r♠ t❤❡♥ succ(P ) ❛♥❞ pred(P ) ❛r❡ t❡r♠s❀
✶✼
• ✐❢ P ✱ Q ❛♥❞ R ❛r❡ t❡r♠s✱ s♦ ✐s if(P,Q,R)❀
• ❢♦r ❛♥② ~λ ∈ [0, 1]N ✇✐t❤ ∑∞n=0 λn = 1✱ ran(~λ) ✐s ❛ t❡r♠✳
❚❤✐s ❧❛tt❡r ❝♦♥str✉❝t✐♦♥ ✐s ♦❢ ❝♦✉rs❡ t♦♦ ✐♥✜♥✐t❛r② ❢♦r ❛ ✏r❡❛❧✑ ♣r♦❣r❛♠♠✐♥❣ ❧❛♥❣✉❛❣❡❀ ✐t ❝❛♥ ❜❡ ♠❛❞❡
♠♦r❡ r❡❛❧✐st✐❝ ✭✇✐t❤♦✉t ❧♦ss ♦❢ ❡①♣r❡ss✐✈❡ ♣♦✇❡r✱ ❛s s❤♦✇♥ ✐♥ ❬❉❍✵✵❪✮ ❜② r❡♣❧❛❝✐♥❣ N ❜② {0, 1} ❛♥❞ [0, 1]
❜② {1/2}✳
❆ t②♣✐♥❣ ❝♦♥t❡①t ✐s ❛ s❡q✉❡♥❝❡ Γ = (ζ1 : σ1, . . . , ζk : σk) ✇❤❡r❡ t❤❡ ✈❛r✐❛❜❧❡s ζi ❛r❡ ❞✐st✐♥❝t✳ ❚❤❡
t②♣✐♥❣ r✉❧❡s ❛r❡ ❛s ❢♦❧❧♦✇s✳
Γ, ζ : σ ⊢ ζ : σ Γ ⊢M : σ ⇒ τ Γ ⊢ N : σΓ ⊢ (M)N : τ
Γ, x : σ ⊢M : τ
Γ ⊢ λxσM : σ ⇒ τ
Γ ⊢M : σ ⇒ σ
Γ ⊢ fix(M) : σ
Γ ⊢M : ι Γ ⊢ P : ι Γ ⊢ Q : ι
Γ ⊢ if(M,P,Q) : ι
Γ ⊢ n : ι Γ ⊢ ran(~λ) : ι
Γ ⊢M : ι
Γ ⊢ succ(M) : ι
Γ ⊢M : ι
Γ ⊢ pred(M) : ι
■♥ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❝♦♥str✉❝t✐♦♥✱ t❤❡ r❡str✐❝t✐♦♥ t❤❛t t❤❡ t✇♦ ❜r❛♥❝❤❡s s❤♦✉❧❞ ❜❡ ♦❢ t②♣❡ ι ✐s ❝♦♥✈❡♥✐❡♥t
❢♦r t❤❡ ❢♦rt❤❝♦♠✐♥❣ ♣r♦♦❢s✱ ❛♥❞ ✐s ♥♦t r❡str✐❝t✐✈❡ ❢r♦♠ ❛♥ ❡①♣r❡ss✐✈✐t② ✈✐❡✇♣♦✐♥t✳
✸✳✶ ❉❡♥♦t❛t✐♦♥❛❧ s❡♠❛♥t✐❝s ✐♥ Pcoh
❚❤❡ ❝❛t❡❣♦r② Pcoh ✐s ❛ ♠♦❞❡❧ ♦❢ P❈❋ ✐♥ ✇❤✐❝❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ♣r♦❜❛❜✐❧✐st✐❝ ❝♦♥str✉❝t✐♦♥ ran(~λ) ❝❛♥ ❛❧s♦
❜❡ ✐♥t❡r♣r❡t❡❞✳ ❙✐♥❝❡ t❤❡ ♠♦r♣❤✐s♠s ♦❢ t❤✐s ❝❛t❡❣♦r② ❛r❡ ❢✉♥❝t✐♦♥s✱ t❤✐s ✐♥t❡r♣r❡t❛t✐♦♥ ✐s q✉✐t❡ ❡❛s② t♦
❞❡s❝r✐❜❡✳
❲✐t❤ ❛♥② t②♣❡ σ✱ ✇❡ ❛ss♦❝✐❛t❡ ❛ P❈❙ [σ]✱ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ σ✳ ❲❡ s❡t [ι] = N = 1(N)✳ ❘❡♠❡♠❜❡r
t❤❛t t❤✐s P❈❙ ✐s ❣✐✈❡♥ ❜② |N| = N ❛♥❞ PN = {x ∈ [0, 1]N | ∑∞i=0 xi ≤ 1}✳ ◆❡①t✱ ✇❡ s❡t ♦❢ ❝♦✉rs❡
[σ ⇒ τ ] = [σ]⇒ [τ ]✳ ●✐✈❡♥ ❛ ❝♦♥t❡①t Γ = (ζ1 : σ1, . . . , ζn : σn)✱ ✇❡ s❡t [Γ] = [σ1] & · · · & [σn]✳
●✐✈❡♥ ❛ t❡r♠ M ✱ ❛ ❝♦♥t❡①t Γ ❛♥❞ ❛ t②♣❡ σ s✉❝❤ t❤❛t Γ ⊢M : σ✱ ✇❡ ❞❡✜♥❡ [M ]Γ ∈ Pcoh!([Γ], [σ])✱ ❜②
✐♥❞✉❝t✐♦♥ ♦♥ M ✳
• [ζi]Γ(~x) = xi❀
• [(P )Q]Γ(~x) = [P ]Γ(~x)([Q]Γ(~x))❀
• [λζσ P ]Γ(~x) ∈ P([σ]⇒ [τ ]) ✭✇❤❡r❡ τ ✐s s✉❝❤ t❤❛t Γ, ζ : σ ⊢ P : τ✮ ✐s t❤❡ ❡♥t✐r❡ ❢✉♥❝t✐♦♥ Cur([P ]Γ,ζ:σ)❀
• ✐❢ Γ ⊢ P : σ ⇒ σ✱ t❤❡♥ [fix(P )]Γ = Fix[σ]([P ]Γ)❀
• y = [succ(P )]Γ ∈ PN ✐s ❣✐✈❡♥ ❜② y0 = 0 ❛♥❞ yi+1 = xi✱ ✇❤❡r❡ x = [P ]Γ❀
• y = [pred(P )]Γ ∈ PN ✐s ❣✐✈❡♥ ❜② yi = xi+1✱ ✇❤❡r❡ x = [P ]Γ❀
• ✐❢ Γ ⊢ R : ι✱ Γ ⊢ P : ι ❛♥❞ Γ ⊢ Q : ι✱ s❡tt✐♥❣ x = [R]Γ✱ y = [P ]Γ ❛♥❞ z = [Q]Γ✱ t❤❡♥
[if(R,P,Q)]Γ = x0y + x>0z
✇❤❡r❡ x>0 =
∑∞
i=1 xi✱ ❛♥❞ ✇❡ ❤❛✈❡ [if(R,P,Q)]Γ ∈ P([ι]) s✐♥❝❡
∑∞
i=0 xi ≤ 1 ✭❜❡❝❛✉s❡ x ∈ P([ι])✮
❛♥❞ y, z ∈ P([ι])❀
• ❧❛st [ran(~λ)]Γ = ~λ ∈ PN✳
❙♦✱ ❢♦r ✐♥st❛♥❝❡✱ [if(ran(~λ), P,Q)]Γ = λ0[P ]Γ + (1− λ0)[Q]Γ✳
✶✽
✸✳✷ ❘❡❞✉❝t✐♦♥ str❛t❡❣②
❲❡ r❡str✐❝t ♦✉r ❛tt❡♥t✐♦♥ t♦ ❛ ♣❛rt✐❝✉❧❛r r❡❞✉❝t✐♦♥ str❛t❡❣②✱ ✇❤✐❝❤ ✐s t❤❡ ❧❡❢t♠♦st✲♦✉t❡r♠♦st str❛t❡❣②❀ ✇❡
❞❡s❝r✐❜❡ ✐t ✐♥ ❛ s♠❛❧❧ st❡♣ ✇❛②✳ ●✐✈❡♥ t❡r♠s M ❛♥❞ M ′ ❛♥❞ ❣✐✈❡♥ λ ∈ [0, 1]✱ ✇❡ ✇r✐t❡ M λ→M ′ ✭♠❡❛♥✐♥❣
t❤❛t M r❡❞✉❝❡s t♦ M ′ ✐♥ ♦♥❡ st❡♣✱ ✇✐t❤ ♣r♦❜❛❜✐❧✐t② λ✮ ✐♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐t✉❛t✐♦♥s✿
• M = pred(0)✱ M ′ = 0 ❛♥❞ λ = 1✱
• M = pred(n+ 1)✱ M ′ = n ❛♥❞ λ = 1✱
• M = pred(N)✱ M ′ = pred(N ′) ❛♥❞ N λ→ N ′✱
• M = succ(n)✱ M ′ = n+ 1 ❛♥❞ λ = 1✱
• M = succ(N)✱ M ′ = succ(N ′) ❛♥❞ N λ→ N ′✱
• M = ran(~λ)✱ M ′ = n ❛♥❞ λ = λn ✭t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ r❡❞✉❝t✐♦♥ r✉❧❡✮✱
• M = if(0, L,R)✱ M ′ = L ❛♥❞ λ = 1✱
• M = if(n+ 1, L,R)✱ M ′ = R ❛♥❞ λ = 1✱
• M = if(N,L,R)✱ M ′ = if(N ′, L,R) ❛♥❞ N λ→ N ′✱
• M = λζ N ✱ M ′ = λζ N ′ ❛♥❞ N λ→ N ′✱
• M = fix(N)✱ M ′ = (N)M ❛♥❞ λ = 1✱
• M = (λζ N)L✱ M ′ = N [L/ζ] ❛♥❞ λ = 1✱
• M = (N)L✱ M ′ = (N ′)L✱ N λ→ N ′ ❛♥❞ N ✐s ♥♦t ♦❢ t❤❡ s❤❛♣❡ N = λζ P ✭✇❡ s❛② t❤❛t N ✐s ♥♦t ❛♥
❛❜str❛❝t✐♦♥✮✳
❲❡ s❛② t❤❛t M ✐s ✐♥ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠ ✐❢ ✐t ✐s ♥♦t r❡❞✉❝✐❜❧❡ ❢♦r t❤✐s str❛t❡❣②✳
❲❡ ✇r✐t❡ M →d M ′ ✐❢ M λ→ M ′ ✇✐t❤♦✉t ✉s✐♥❣ t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ r❡❞✉❝t✐♦♥ r✉❧❡ ✭❛♥❞ ❤❡♥❝❡ λ = 1✮✳
❖❜s❡r✈❡ t❤❛t✱ ✐❢ M →d M ′ ❛♥❞ M →d M ′′✱ t❤❡♥ M ′ = M ′′✱ ❛♥❞ s♦ →d ✐s ❛ ❞❡t❡r♠✐♥✐st✐❝ r❡❞✉❝t✐♦♥✳
▲❡♠♠❛ ✷✾ ✭s✉❜❥❡❝t r❡❞✉❝t✐♦♥✮ ■❢ Γ ⊢M : σ ❛♥❞ M λ→M ′ t❤❡♥ Γ ⊢M ′ : σ✳
▲❡♠♠❛ ✸✵ ✭✐♥✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✐♥t❡r♣r❡t❛t✐♦♥✮ ■❢ Γ ⊢ M : σ✱ t❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s ✐♥ t❤❡ P❈❙
Pcoh([Γ], [σ])
[M ]Γ =
∑
M
λ→M ′
λ[M ′]Γ .
❇♦t❤ r❡s✉❧ts ❛r❡ ♣r♦✈❡❞ ❜② ❛ str❛✐❣❤t❢♦r✇❛r❞ ✐♥❞✉❝t✐♦♥ ♦♥ M ✳
❚❤❡ ♥❡①t s✉❜st✐t✉t✐♦♥ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✾✱ ❛♥❞ ❝r✉❝✐❛❧❧② ✉s❡s t❤❡
❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ r❡❞✉❝t✐♦♥ str❛t❡❣②✳
▲❡♠♠❛ ✸✶ ❆ss✉♠❡ t❤❛t Γ, ζ : σ ⊢ M : τ ✱ t❤❛t Γ ⊢ P : σ ❛♥❞ t❤❛t M →d M ′✳ ❚❤❡♥ M [P/ζ] →d
M ′ [P/ζ]✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ M ✳ ❚❤❡ ♦♥❧② ♥♦♥ str❛✐❣❤t❢♦r✇❛r❞ ❝❛s❡ ✐s ✇❤❡♥ M = (N)L✱ t❤❡ t❡r♠ N ❞♦❡s
♥♦t st❛rt ✇✐t❤ ❛♥ ❛❜str❛❝t✐♦♥ ❛♥❞ N →d N ′❀ ✐♥ t❤❛t ❝❛s❡✱ ✇❡ ❤❛✈❡ M ′ = (N ′)L✳ ❚❤❡♥ N ❝❛♥♥♦t ❜❡ ❛
✈❛r✐❛❜❧❡ ✭s✐♥❝❡ N →d N ′✮✱ ❛♥❞ ❤❡♥❝❡ N [P/ζ] ❝❛♥♥♦t ❜❡ ❛♥ ❛❜str❛❝t✐♦♥ s✐♥❝❡ N ✐s ♥♦t ❛♥ ❛❜str❛❝t✐♦♥✳ ❇②
✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ N [P/ζ] →d N ′ [P/ζ] ❛♥❞ ❤❡♥❝❡ (N [P/ζ])L [P/ζ] →d (N ′ [P/ζ])L [P/ζ]
s✐♥❝❡ N [P/ζ] ✐s ♥♦t ❛♥ ❛❜str❛❝t✐♦♥✳ ✷
✶✾
✸✳✸ ❆ ❢❡✇ ✇♦r❞s ❛❜♦✉t st♦❝❤❛st✐❝ ♠❛tr✐❝❡s
❙t♦❝❤❛st✐❝ ♠❛tr✐❝❡s ❛r❡ ✉s❡❞ ❢♦r ❞❡s❝r✐❜✐♥❣ ❞✐s❝r❡t❡ t✐♠❡ ▼❛r❦♦✈ ♣r♦❝❡ss❡s✳ ▲❡t S ❜❡ ❛ s❡t✳ ❆ st♦❝❤❛st✐❝
♠❛tr✐① ♦♥ S ✐s ❛♥ ❡❧❡♠❡♥t P ♦❢ [0, 1]S×S s✉❝❤ t❤❛t
∀s ∈ S
∑
t∈S
Ps,t = 1
■♥t✉✐t✐✈❡❧②✱ S ✐s ❛ s❡t ♦❢ st❛t❡s✱ ❛♥❞ Ps,t ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡✈♦❧✈✐♥❣ ❢r♦♠ st❛t❡ s t♦ st❛t❡ t ✐♥ ♦♥❡ st❡♣✳
■❢ µ ∈ [0, 1]S ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ S ✭t❤❛t ✐s ∑s∈S µs = 1✮ ❝♦♥s✐❞❡r❡❞ ❛s ❛ r♦✇ ✈❡❝t♦r
✭✇✐t❤ ♣♦ss✐❜❧② ✐♥✜♥✐t❡❧② ♠❛♥② ❝♦♠♣♦♥❡♥ts✮✱ t❤❡♥ µS = (
∑
s∈S µsPs,t)t∈S ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥
♦♥ S ✭❛❧s♦ ❛ r♦✇ ✈❡❝t♦r✮✱ ✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ st❛t❡s ❛❢t❡r ♦♥❡ st❡♣ ♦❢ ❡✈♦❧✉t✐♦♥ st❛rt✐♥❣
❢r♦♠ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ st❛t❡s ❞❡s❝r✐❜❡❞ ❜② µ✳ ■❢ s ∈ S✱ ❧❡t rs ❜❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ❞❡✜♥❡❞ ❜②
(rs)t = δs,t✳ ❲❡ ✉s❡ t❤❡ ♥♦t❛t✐♦♥ cs✱ ✇❤❡♥ t❤❡ s❛♠❡ ✈❡❝t♦r ✐s ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦❧✉♠♥ ✈❡❝t♦r✱ ❛♥❞ ♠♦r❡
❣❡♥❡r❛❧❧② cU ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✈❡❝t♦r ♦❢ t❤❡ s❡t U ⊆ S✱ ❝♦♥s✐❞❡r❡❞ ❛s ❛ ❝♦❧✉♠♥ ✈❡❝t♦r✳
■❢ P ❛♥❞ Q ❛r❡ st♦❝❤❛st✐❝ ♠❛tr✐❝❡s ♦♥ S✱ t❤❡♥ t❤❡ ✉s✉❛❧ ♠❛tr✐❝✐❛❧ ♣r♦❞✉❝t PQ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ ✐s
❛ st♦❝❤❛st✐❝ ♠❛tr✐① ♦♥ S✳ ■♥ ♣❛rt✐❝✉❧❛r✱ Pn ✐s ❛ st♦❝❤❛st✐❝ ♠❛tr✐①✱ ❛♥❞ Pns,t ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡✈♦❧✈✐♥❣
❢r♦♠ st❛t❡ s t♦ st❛t❡ t ✐♥ n st❡♣s✳
✸✳✸✳✶ ❆❜s♦r❜✐♥❣ st❛t❡s✳ ❆ st❛t❡ t ∈ S ✐s ❛❜s♦r❜✐♥❣ ✐❢ Pt,t = 1 ✭s♦ Pt,u = 0 ❢♦r u 6= t✮✱ t❤❛t ✐s
rt P = rt✳ ▲❡t S0 ✐s t❤❡ s❡t ♦❢ ❛❧❧ ❛❜s♦r❜✐♥❣ st❛t❡s ♦❢ S✳
▲❡♠♠❛ ✸✷ ▲❡t t ∈ S0✳ ❚❤❡♥✱ ❢♦r ❛♥② s ∈ S✱ t❤❡ s❡q✉❡♥❝❡ (Pns,t)n∈N ✐s ♠♦♥♦t♦♥❡✳ ▲❡t P∞s,t = sup∞n=0 Pns,t✱
♦♥❡ ❤❛s ∑
t∈S0
P∞s,t ≤ 1 .
❚❤❡ ♣r♦♦❢ ✐s str❛✐❣❤t❢♦r✇❛r❞✳
✸✳✸✳✷ ❚r❛♥s✐t✐♦♥ ♣❛t❤s✳ ▲❡t ✉s ❝❛❧❧ tr❛♥s✐t✐♦♥ ♣❛t❤ ❛♥② s❡q✉❡♥❝❡ w = (t1, . . . , tk) ♦❢ ❡❧❡♠❡♥ts ♦❢ S
s✉❝❤ t❤❛t ♥♦♥❡ ♦❢ t❤❡ tis ✐s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡✱ ❜✉t ♣♦ss✐❜❧② t❤❡ ❧❛st ♦♥❡✱ ❛♥❞ s✉❝❤ t❤❛t Pti,ti+1 > 0 ❢♦r
❛❧❧ i = 1, . . . , k − 1✳ ❚❤❡♥ ✇❡ ✇r✐t❡ w : t1 ❀ tk✱ ❛♥❞ ✇❡ ❞❡✜♥❡ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ w ❛s
p(w) =
k−1∏
i=1
Pti,ti+1 ∈ (0, 1] .
❚❤❡ ❧❡♥❣t❤ lg(w) ♦❢ w ✐s k − 1✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❢♦r ❛♥② s ∈ S✱ t❤❡ ♦♥❡✲❡❧❡♠❡♥t s❡q✉❡♥❝❡ (s) ✐s t❤❡
♦♥❧② tr❛♥s✐t✐♦♥ ♣❛t❤ ♦❢ ❧❡♥❣t❤ 0 ❢r♦♠ s t♦ s✱ ❛♥❞ ✐t s❛t✐s✜❡s p((s)) = 1✳ ■❢ w = (s = s1, . . . , sk+1 =
s′) : s ❀ s′ ❛♥❞ w′ = (s′ = sk+1, . . . , sk+l+1 = s′′) : s′ ❀ s′′✱ t❤❡♥ ww′ : s ❀ s′′ ✐s t❤❡ s❡q✉❡♥❝❡
(s1, . . . , sk+1, . . . , sk+l)✳ ❖❜s❡r✈❡ t❤❛t p(ww
′) = p(w) p(w′) ❛♥❞ t❤❛t lg(ww′) = lg(w) + lg(w′) = k + l✳
▲❡♠♠❛ ✸✸ ▲❡t s, u ∈ S ✇✐t❤ u ♥♦♥ ❛❜s♦r❜✐♥❣✳ ❚❤❡♥
P ks,u =
∑
w:s❀u
lg(w)=k
p(w) .
❚❤❡ ❤②♣♦t❤❡s✐s t❤❛t u ✐s ♥♦t ❛❜s♦r❜✐♥❣ ✐s ❡ss❡♥t✐❛❧ s✐♥❝❡✱ ✇❤❡♥ u ✐s ❛❜s♦r❜✐♥❣✱ ♦♥❡ ❤❛s P ku,u = 1 ❢♦r ❛❧❧
k✱ ✇❤❡r❡❛s t❤❡ ♦♥❧② tr❛♥s✐t✐♦♥ ♣❛t❤ ❢r♦♠ u t♦ u ✐s (u)✱ ♦❢ ❧❡♥❣t❤ 0✳
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ k✱ t❤❡ ❜❛s❡ ❝❛s❡ ❜❡✐♥❣ ♦❜✈✐♦✉s✳ ❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡
P k+1s,t =
∑
v∈S
Ps,v>0
∑
w:v❀u
lg(w)=k
Ps,v p(w)
=
∑
v∈S0
Ps,v>0
∑
w:v❀u
lg(w)=k
Ps,v p(w) +
∑
v∈S\S0
Ps,v>0
∑
w:v❀u
lg(w)=k
Ps,v p(w) .
✷✵
❙✐♥❝❡ u ✐s ♥♦t ❛❜s♦r❜✐♥❣✱ w : v ❀ u ✐♠♣❧✐❡s t❤❛t v ✐s ♥♦t ❛❜s♦r❜✐♥❣ ✭❡✈❡♥ ✇❤❡♥ lg(w) = 0✮✱ ❛♥❞ s♦ t❤❡
✈❛❧✉❡ ♦❢ t❤❡ ✜rst ♦❢ t❤❡s❡ t✇♦ s✉♠s ✐s 0✳ ❲❡ ❝♦♥❝❧✉❞❡ ❜❡❝❛✉s❡ ❛❧❧ tr❛♥s✐t✐♦♥ ♣❛t❤s ♦❢ ❧❡♥❣t❤ k+1 ❢r♦♠ s
t♦ u ❛r❡ ♦❢ t❤❡ s❤❛♣❡ (s, v)w ✇✐t❤ w : v ❀ u✱ lg(w) = k ❛♥❞ Ps,v > 0 ❛♥❞ v /∈ S0✳ ✷
❲❡ ❝❛♥ ♥♦✇ ❡st❛❜❧✐s❤ t❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s s❡❝t✐♦♥✳
▲❡♠♠❛ ✸✹ ▲❡t s ∈ S ❛♥❞ t ∈ S0✳ ❚❤❡♥
P∞s,t =
∑
w:s❀t
p(w) .
Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✸✷✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t
P ks,t =
∑
w:s❀t
lg(w)≤k
p(w)
❛♥❞ t❤✐s ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❚❤❡ ❜❛s❡ ❝❛s❡ k = 0 ✐s ❝❧❡❛r ❜❡❝❛✉s❡ t❤❡♥ ❜♦t❤ s✐❞❡s ♦❢ t❤❡ ❡q✉❛t✐♦♥
❛r❡ ❡q✉❛❧ t♦ δs,t✳ ❋♦r t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✱ ✇❡ ❤❛✈❡
P k+1s,t = (P
kP )s,t
=
∑
u∈S
P ks,uPu,t
=
∑
u∈S0
P ks,uPu,t +
∑
u∈S\S0
P ks,uPu,t
=
∑
w:s❀t
lg(w)≤k
p(w) +
∑
u∈S\S0
w:s❀u, lg(w)=k
p(w)Pu,t
❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ❛♥❞ ❜② ▲❡♠♠❛ ✸✸✳ ❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❡❛s✐❧②✳ ✷
✸✳✹ ❚❤❡ st♦❝❤❛st✐❝ ♠❛tr✐① ♦❢ t❡r♠s
❲❡ ♦r❣❛♥✐③❡ t❤❡ s❡t ♦❢ ❛❧❧ PPCF t❡r♠s ❛s ❛ ▼❛r❦♦✈ ♣r♦❝❡ss✿ ❧❡t S ❜❡ t❤❡ s❡t ♦❢ ❛❧❧ PPCF t❡r♠s✱ ✇❡
❞❡✜♥❡ ❛ ♠❛tr✐① Red ∈ [0, 1]S× S ❜②
RedM,M ′ =


λ ✐❢ M
λ→M ′
1 ✐❢ M = M ′ ✐s ✐♥ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠
0 ♦t❤❡r✇✐s❡✳
■t ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ ❝❤❡❝❦ t❤❛t t❤✐s ♠❛tr✐① ✐s st♦❝❤❛st✐❝✳ ■❢ M ✐s ❛ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠✱ t❤❡♥ M ✐s ❛♥
❛❜s♦r❜✐♥❣ st❛t❡ ❢♦r Red✳
▲❡♠♠❛ ✸✺ ❆ss✉♠❡ t❤❛t Γ ⊢ M : σ✳ ❚❤❡♥✱ ❢♦r ❛♥② M ′ s✉❝❤ t❤❛t RedM,M ′ > 0✱ ♦♥❡ ❤❛s Γ ⊢ M ′ : σ✳
▼♦r❡♦✈❡r✱ ♦♥❡ ❤❛s
[M ]Γ =
∑
M ′∈S
RedM,M ′ [M
′]Γ .
❚❤✐s ✐s ❥✉st ❛ r❡♣❤r❛s❡♠❡♥t ♦❢ ▲❡♠♠❛ ✸✵✳ ■t❡r❛t✐♥❣ t❤✐s ♣r♦♣❡rt②✱ ✇❡ ❤❛✈❡ [M ]Γ =
∑
M ′∈S Red
k
M,M ′ [M
′]Γ
❢♦r ❛❧❧ k ∈ N✳ ❆ss✉♠❡ t❤❛t ⊢M : ι ❛♥❞ ❧❡t n ∈ N✳ ❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡
([M ])n ≥ sup
k∈N
RedkM,n = Red
∞
M,n .
❘❡♠❡♠❜❡r t❤❛t✱ ❜② ▲❡♠♠❛ ✸✷✱ (RedkM,n)k∈N ✐s ❛ ♠♦♥♦t♦♥❡ s❡q✉❡♥❝❡ ✐♥ [0, 1]✱ s✐♥❝❡ n ✐s ❛♥ ❛❜s♦r❜✐♥❣ st❛t❡
✐♥ S✱ ❛♥❞ t❤❛t t❤❡ ❧✉❜ ♦❢ t❤❛t s❡q✉❡♥❝❡ ✐s Red∞M,n✳ ❖❜s❡r✈❡ ❛❧s♦ t❤❛t✱ ✐♥ t❤❡ ♣r❡s❡♥t s❡tt✐♥❣✱ ❛ tr❛♥s✐t✐♦♥
♣❛t❤ w : M ❀M ′ ✭✇❤❡r❡ M ′ ✐s ✐♥ ❤❡❛❞ ♥♦r♠❛❧ ❢♦r♠✮✱ ✐s ❛ s❡q✉❡♥❝❡ w = (M = M1, . . . ,Mk = M ′)✱ ✇✐t❤
Mi
λi→Mi+1 ❢♦r i = 1, . . . , k − 1✱ ❛♥❞ p(w) = λ1 · · ·λk−1 > 0✳
✷✶
✸✳✹✳✶ ❆ ❧♦❣✐❝❛❧ r❡❧❛t✐♦♥✳ ❖✉r ❣♦❛❧ ✐s ♥♦✇ t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡rs❡ ✐♥❡q✉❛t✐♦♥✳ ❋♦r t❤✐s ♣✉r♣♦s❡✱ ✇❡
❛❞❛♣t t❤❡ ❧♦❣✐❝❛❧ r❡❧❛t✐♦♥ t❡❝❤♥✐q✉❡ ♦❢ ❬P❧♦✼✼❪ ✭s❡❡ ❛❧s♦ ❬❆❈✾✽❪✮✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ σ✱ ✇❡ ❞❡✜♥❡ ❛ r❡❧❛t✐♦♥
Rσ ❢r♦♠ [σ] t♦ t❤❡ s❡t ♦❢ ❛❧❧ ❝❧♦s❡❞ t❡r♠s M ♦❢ t②♣❡ σ✳
• x Rι M ✐❢✱ ❢♦r ❛❧❧ n ∈ N✱ ♦♥❡ ❤❛s xn ≤ Red∞M,n = supk∈N RedkM,n =
∑
w:M❀n p(w)❀
• f Rσ⇒τ M ✐❢✱ ❢♦r ❛❧❧ x ∈ [σ] ❛♥❞ ❛❧❧ P s✉❝❤ t❤❛t ⊢ P : σ✱ ✐❢ x Rσ P t❤❡♥ f(x) Rτ (M)P ✳
✸✳✹✳✷ ❈❧♦s✉r❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❧♦❣✐❝❛❧ r❡❧❛t✐♦♥✳ ❲❡ ✜rst ♥❡❡❞ t♦ ♣r♦✈❡✱ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t②♣❡s✱
❛ ❢❡✇ ❝❧♦s✉r❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s r❡❧❛t✐♦♥✳
▲❡♠♠❛ ✸✻ ❆ss✉♠❡ t❤❛t ⊢M : σ ❛♥❞ t❤❛t M →d M ′✳ ❚❤❡♥ x Rσ M ′ ⇔ x Rσ M ✳
Pr♦♦❢✳ ❋♦r σ = ι✱ t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t RedkM ′,n = Red
k+1
M,n ✭t❤✐s ❡q✉❛t✐♦♥ ❤♦❧❞s ❜❡❝❛✉s❡✱
❢♦r ❛❧❧ N ∈ S✱ ♦♥❡ ❤❛s RedM,N = δN,M ′ ❀ ✐♥❞❡❡❞✱ ✐❢ M λ→ N ✱ t❤❡♥ λ = 1✱ M →d N ❛♥❞ N = M ′✮✳
❆ss✉♠❡ t❤❛t σ = ϕ ⇒ ψ✳ ❆ss✉♠❡ ✜rst t❤❛t f Rσ M ❛♥❞ ❧❡t ✉s s❤♦✇ t❤❛t f Rσ M ′✳ ❙♦ ❧❡t x ∈ [ϕ]
❛♥❞ ❧❡t P ✇✐t❤ ⊢ P : ϕ ❜❡ s✉❝❤ t❤❛t x Rϕ P ❀ ✇❡ ♠✉st s❤♦✇ t❤❛t f(x) Rψ (M ′)P ✳ ❲❡ ❤❛✈❡ t♦ ❝♦♥s✐❞❡r
t✇♦ ❝❛s❡s✳
• M ✐s ❛♥ ❛❜str❛❝t✐♦♥✱ t❤❛t ✐s M = λζϕN ❢♦r s♦♠❡ N ✇✐t❤ ζ : ϕ ⊢ N : ψ✳ ❚❤❡♥ ✇❡ ❤❛✈❡ N →d
N ′ ✇✐t❤ M ′ = λζ N ′✳ ❲❡ ❤❛✈❡ (M)P →d N [P/ζ] ❛♥❞✱ ❜② ▲❡♠♠❛ ✸✶✱ ✇❡ ❤❛✈❡ N [P/ζ] →d
N ′ [P/ζ]✳ ❙♦✱ ❛♣♣❧②✐♥❣ t✇✐❝❡ t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s ❛t t②♣❡ ψ ✭✐♥ t❤❡ ❧❡❢t t♦ r✐❣❤t ❞✐r❡❝t✐♦♥ ♦❢
t❤❡ ✐♠♣❧✐❝❛t✐♦♥✮✱ ✇❡ ❣❡t f(x) Rψ N ′ [P/ζ]✳ ❲❡ ❝♦♥❝❧✉❞❡✱ ❛♣♣❧②✐♥❣ t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s ✭✐♥ t❤❡
r✐❣❤t t♦ ❧❡❢t ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✐♠♣❧✐❝❛t✐♦♥✮ t❤❛♥❦s t♦ t❤❡ ❢❛❝t t❤❛t (M ′)P →d N ′ [P/ζ]✳
• M ✐s ♥♦t ❛♥ ❛❜str❛❝t✐♦♥✳ ■♥ t❤❛t ❝❛s❡✱ (M)P →d (M ′)P ❛♥❞ ✇❡ ❛♣♣❧② str❛✐❣❤t❢♦r✇❛r❞❧② t❤❡
✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✳
❈♦♥✈❡rs❡❧②✱ ❛ss✉♠❡ t❤❛t f Rσ M ′ ❛♥❞ ❧❡t ✉s s❤♦✇ t❤❛t f Rσ M ✳ ❲❡ ❤❛✈❡ t❤❡ s❛♠❡ t✇♦ ❝❛s❡s t♦
❝♦♥s✐❞❡r✱ t❤❡ s❡❝♦♥❞ ✭M ✐s ♥♦t ❛♥ ❛❜str❛❝t✐♦♥✮ ❜❡✐♥❣ q✉✐t❡ ❡❛s②✳ ❙♦ ❧❡t ✉s ❛ss✉♠❡ t❤❛t M = λζϕN ✱ ❛s
❛❜♦✈❡✳ ❲✐t❤ t❤❡ s❛♠❡ ♥♦t❛t✐♦♥s✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ t❤❛t f Rσ λζ N ′✱ ✇❡ ❣❡t f(x) Rψ (λζ N ′)P ✱
❜✉t (λζ N ′)P →d N ′ [P/ζ]✱ s♦ ❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ✇❡ ❤❛✈❡ f(x) Rψ N ′ [P/ζ]✱ ❛♥❞ s✐♥❝❡ N [P/ζ]→d
N ′ [P/ζ] ❜② ▲❡♠♠❛ ✸✶✱ ✇❡ ❣❡t f(x) Rψ N [P/ζ]✱ ❛♥❞ ❤❡♥❝❡ f(x) Rψ (λζ N)P ❜② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s
❛❣❛✐♥✱ s✐♥❝❡ ✇❡ ❤❛✈❡ (λζ N)P →d N [P/ζ]✳ ✷
▲❡♠♠❛ ✸✼ ❆ss✉♠❡ t❤❛t ⊢ M : σ✳ ❚❤❡♥ 0 RσM ✳ ❆♥❞ ❧❡t (xn)n∈N ❜❡ ❛♥ ✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡ ♦❢
❡❧❡♠❡♥ts ♦❢ [σ] s✉❝❤ t❤❛t xn Rσ M ❢♦r ❛❧❧ n ∈ N✳ ❚❤❡♥ supn∈N xn Rσ M ✳
Pr♦♦❢✳ ❚❤❡ ❜❛s❡ ❝❛s❡ ♦❢ t❤❡ ✐♥❞✉❝t✐♦♥ ✐s ❝❧❡❛r✱ ❛♥❞ t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t
t❤❡ ♦r❞❡r r❡❧❛t✐♦♥ ✐♥ [ϕ⇒ ψ] ✐s t❤❡ ♣♦✐♥t✇✐s❡ ♦r❞❡r ♦♥ ❢✉♥❝t✐♦♥s✳ ✷
▲❡♠♠❛ ✸✽ ▲❡t x, y, z ∈ [ι] ❛♥❞ ❧❡t M,L,R ❜❡ ❝❧♦s❡❞ t❡r♠s ♦❢ t②♣❡ ι✳ ❆ss✉♠❡ t❤❛t x Rι M ✱ y Rι L ❛♥❞
z Rι R✳ ❚❤❡♥ ✇❡ ❤❛✈❡
x0y + x>0z Rι if(M,L,R) .
Pr♦♦❢✳ ▲❡t n ∈ N✱ ✇❡ ♠✉st s❤♦✇ t❤❛t
x0yn + x>0zn ≤
∑
w:if(M,L,R)❀n
p(w) .
●✐✈❡♥ t❤❡ tr❛♥s✐t✐♦♥ ♣❛t❤ u = (L = L1
λ1→ · · · λl−1→ Ll = n)✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② u0 t❤❡ tr❛♥s✐t✐♦♥ ♣❛t❤
(if(0, L,R)
1→ L = L1 λ1→ · · · λl−1→ Ll = n)✳ ❙✐♠✐❧❛r❧②✱ ❣✐✈❡♥ t❤❡ tr❛♥s✐t✐♦♥ ♣❛t❤ v = (R = R1 µ1→ · · · µr−1→
Rr = n) ❛♥❞ k ∈ N✱ ✇❡ ❞❡♥♦t❡ ❜② vk+1 t❤❡ tr❛♥s✐t✐♦♥ ♣❛t❤ (if(k + 1, L,R) 1→ R = R1 µ1→ · · · µr−1→ Rr = n)✳
❲❡ ❤❛✈❡ ♦❢ ❝♦✉rs❡ p(u0) = p(u) ❛♥❞ p(vk+1) = p(v)✳
●✐✈❡♥ ❛♥② tr❛♥s✐t✐♦♥ ♣❛t❤ w : if(M,L,R)❀ n✱ ✇❡ ❝❛♥ ✜♥❞✱ ✐♥ ❛♥ ✉♥✐q✉❡ ✇❛②
✷✷
• ❡✐t❤❡r ❛ tr❛♥s✐t✐♦♥ ♣❛t❤ t : M ❀ 0 ❛♥❞ ❛ tr❛♥s✐t✐♦♥ ♣❛t❤ u : L❀ n✱ s✉❝❤ t❤❛t w = tu0
• ♦r k ∈ N ❛♥❞ t✇♦ tr❛♥s✐t✐♦♥ ♣❛t❤s t : M ❀ k + 1 ❛♥❞ v : R❀ n✱ s✉❝❤ t❤❛t w = tvk+1✳
❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡
∑
w:if(M,L,R)❀n
p(w) =
∑
t:M❀0
u:L❀n
p(t) p(u) +
∞∑
k=0
∑
t:M❀k+1
v:R❀n
p(t) p(v)
=

 ∑
t:M❀0
p(t)



 ∑
u:L❀n
p(u)

+

 ∞∑
k=0
∑
t:M❀k+1
p(t)



 ∑
v:R❀n
p(v)

 .
❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✱ ❛♣♣❧②✐♥❣ ♦✉r ❤②♣♦t❤❡s❡s x Rι M ✱ y Rι L ❛♥❞ z Rι R✳ ✷
✸✳✹✳✸ ❆❞❡q✉❛t✐♦♥ ▲❡♠♠❛✳ ❲❡ ❝❛♥ ♣r♦✈❡ ♥♦✇ t❤❡ ❆❞❡q✉❛t✐♦♥ ▲❡♠♠❛ ❢♦r t❤✐s ❧♦❣✐❝❛❧ r❡❧❛t✐♦♥✱ ❛❧s♦
❦♥♦✇♥ ❛s ▲♦❣✐❝❛❧ ❘❡❧❛t✐♦♥ ▲❡♠♠❛✳ ■♥ t❤❡ ♣r❡s❡♥t s❡tt✐♥❣✱ ✐t r❡❛❞s ❛s ❢♦❧❧♦✇s✳
Pr♦♣♦s✐t✐♦♥ ✸✾ ❆ss✉♠❡ t❤❛t Γ ⊢M : τ ✱ ✇❤❡r❡ Γ = (ζ1 : σ1, . . . , ζq : σq)✳ ▲❡t P1, . . . , Pq ❜❡ ❝❧♦s❡❞ t❡r♠s
s✉❝❤ t❤❛t ⊢ Pi : σi✳ ▲❡t xi ∈ [σi] ❢♦r i = 1, . . . , q✳ ❚❤❡♥ ✇❡ ❤❛✈❡
[M ]Γ(~x) Rτ M
[
~P/~ζ
]
.
Pr♦♦❢✳ ❇② ✐♥❞✉❝t✐♦♥ ♦♥ M ✳ ▲❡t ✉s ❥✉st ❞❡❛❧ ✇✐t❤ ❛ ❢❡✇ ❝❛s❡s✱ t❤❡ ♦t❤❡r ♦♥❡s ❜❡✐♥❣ str❛✐❣❤t❢♦r✇❛r❞✳
❚❤❡ ❝❛s❡s M = ζi ❛♥❞ M = l ❛r❡ ❧❡❢t t♦ t❤❡ r❡❛❞❡r ✭❢♦r t❤❡ s❡❝♦♥❞ ❝❛s❡✱ ♦❜s❡r✈❡ t❤❛t t❤❡r❡ ✐s ❡①❛❝t❧②
♦♥❡ tr❛♥s✐t✐♦♥ ♣❛t❤ l❀ l✱ ✇❤✐❝❤ ✐s t❤❡ ♣❛t❤ ♦❢ ❧❡♥❣t❤ 0 ❛♥❞ ♣r♦❜❛❜✐❧✐t② 1✮✳
❆ss✉♠❡ t❤❛tM = ran(~λ)✱ ✇✐t❤ ~λ ∈ [0, 1]N s✉❝❤ t❤❛t∑n∈N λn = 1✳ ▲❡t n ∈ N✱ ✇❡ ❤❛✈❡ [M ]Γ(~x)n = λn
❛♥❞ t❤❡r❡ ✐s ❡①❛❝t❧② ♦♥❡ tr❛♥s✐t✐♦♥ ♣❛t❤ w : M
[
~P/~ζ
]
= M ❀ n❀ t❤✐s ♣❛t❤ ❝♦♥s✐sts ♦❢ ♦♥❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢
t❤❡ ♣r♦❜❛❜✐❧✐st✐❝ r✉❧❡s✱ ❛♥❞ ♦♥❡ ❤❛s p(w) = λn✳
❚❤❡ ❝❛s❡s M = pred(N) ❛♥❞ M = succ(N) ❛r❡ ❧❡❢t t♦ t❤❡ r❡❛❞❡r✳
❆ss✉♠❡ t❤❛t M = if(N,L,R)✳ ▲❡t x = [M ]Γ(~x)✱ y = [L]Γ(~x) ❛♥❞ z = [R]Γ(~x)✳ ❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤✲
❡s✐s✱ ✇❡ ❤❛✈❡ x Rι N
[
~P/~ζ
]
✱ y Rι L
[
~P/~ζ
]
❛♥❞ z Rι R
[
~P/~ζ
]
❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡✱ ❛♣♣❧②✐♥❣ ▲❡♠♠❛ ✸✽✳
❲❤❡♥ M = (N)L✱ ✇✐t❤ Γ ⊢ N : σ ⇒ τ ❛♥❞ Γ ⊢ L : σ✱ ♦♥❡ ❛♣♣❧✐❡s str❛✐❣❤t❢♦r✇❛r❞❧② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
Rσ⇒τ ❛♥s t❤❡ ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s❡s✳
❆ss✉♠❡ t❤❛t σ = ϕ ⇒ ψ✱ M = λζϕN ✇✐t❤ Γ, ζ : ϕ ⊢ N : ψ✳ ●✐✈❡♥ ❛♥② x ∈ [ϕ] ❛♥❞ ❛♥②
t❡r♠ P s✉❝❤ t❤❛t ⊢ P : ϕ ❛♥❞ x Rϕ P ✱ ✇❡ ♠✉st s❤♦✇ t❤❛t [λζ N ]Γ(~x)(x) Rψ
(
λζ N
[
~P/~ζ
])
P ✱
t❤❛t ✐s [N ]Γ,ζ:ϕ(~x, x) Rψ
(
λζ N
[
~P/~ζ
])
P ✳ ❇② ✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s✱ ✇❡ ❦♥♦✇ t❤❛t [N ]Γ,ζ:ϕ(~x, x) Rψ
N
[
~P/~ζ, P/ζ
]
❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✸✻ s✐♥❝❡
(
λζ N
[
~P/~ζ
])
P →d N
[
~P/~ζ, P/ζ
]
❜② t❤❡ ✈❡r②
❞❡✜♥✐t✐♦♥ ♦❢ →d✳
❆ss✉♠❡ ❧❛st t❤❛t M = fix(N)✱ ✇✐t❤ Γ ⊢ N : τ ⇒ τ ✳ ▲❡t f = [N ]Γ(~x)✱ ✐t ✐s ❛♥ ❡♥t✐r❡ ❢✉♥❝t✐♦♥
P([τ ]) → P([τ ])✱ ❛♥❞ ✇❡ ❤❛✈❡ [M ]Γ(~x) = sup∞k=0 fk(0)✳ ❇② ▲❡♠♠❛ ✸✼✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t ∀k ∈
N fk(0) Rτ M
[
~P/~ζ
]
= fix(N
[
~P/~ζ
]
)✱ ❛♥❞ t❤✐s ✐s ❞♦♥❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❚❤❡ ❜❛s❡ ❝❛s❡ k = 0 r❡s✉❧ts
❢r♦♠ ▲❡♠♠❛ ✸✼✳ ❋♦r t❤❡ ✐♥❞✉❝t✐✈❡ st❡♣✱ ❧❡t N ′ = N
[
~P/~ζ
]
✱ ✇❡ ❛ss✉♠❡ t❤❛t fk(0) Rτ fix(N ′)✳ ❇②
✐♥❞✉❝t✐✈❡ ❤②♣♦t❤❡s✐s ✭✐♥ t❤❡ ✏❡①t❡r♥❛❧✑ ✐♥❞✉❝t✐♦♥✱ ♦♥ t❡r♠s✮✱ ✇❡ ❤❛✈❡ f Rτ⇒τ N ′✳ ❍❡♥❝❡ fk+1(0) Rτ
(N ′) fix(N ′) ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✸✻ s✐♥❝❡ ✇❡ ❤❛✈❡ fix(N ′)→d (N ′) fix(N ′)✳ ✷
❋r♦♠ t❤✐s✱ ✇❡ ❞❡r✐✈❡ ❡❛s✐❧② t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
❚❤❡♦r❡♠ ✹✵ ▲❡t M ❜❡ ❛ ❝❧♦s❡❞ t❡r♠ ♦❢ t②♣❡ ι✳ ❚❤❡♥ [M ] ∈ PN ✐s t❤❡ s✉❜✲♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦♥
N s✉❝❤ t❤❛t [M ]n = Red
∞
M,n =
∑
w:M❀n p(w)✳
■♥ ♦t❤❡r ✇♦r❞s✱ [M ]n ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t M r❡❞✉❝❡s t♦ n ✐♥ ♦✉r ❧❡❢t♠♦st ♦✉t❡r♠♦st str❛t❡❣②✳
✷✸
✹ ❈♦♥❝❧✉s✐♦♥✿ t♦✇❛r❞s ✐♥tr✐♥s✐❝ P❈❙s
❲❡ ❝♦♥s✐❞❡r ♥♦✇ t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ ❣❡tt✐♥❣ r✐❞ ♦❢ t❤❡ ✇❡❜s ♦❢ P❈❙s✳ ■♥❞❡❡❞✱ P❈❙s ❛r❡ s✐♠✐❧❛r t♦ ✈❡❝t♦r
s♣❛❝❡s✱ ❛♥❞ ❢r♦♠ t❤✐s ✈✐❡✇♣♦✐♥t✱ t❤❡ ✇❡❜s ❛r❡ ❧✐❦❡ ❝❤♦✐❝❡s ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❜❛s❡s✳ ❲❡ ✇♦✉❧❞ ❧✐❦❡ t♦
✉♥❞❡rst❛♥❞ ✐❢ t❤❡ ✐❞❡❛ ♦❢ P❈❙ ❝❛♥ ❜❡ ❝❛rr✐❡❞ t♦ ❛ ❣❡♦♠❡tr✐❝❛❧ ✏✐♥tr✐♥s✐❝✑✱ ❛♥❞ t❤❡r❡❢♦r❡ ♠❛t❤❡♠❛t✐❝❛❧❧②
♥✐❝❡r ❛♥❞ ♠♦r❡ ✢❡①✐❜❧❡ s❡tt✐♥❣✱ ✇❤❡r❡ t❤✐s ❝❤♦✐❝❡ ♦❢ ❜❛s❡s ✐s ♥♦ ♠♦r❡ ♥❡❝❡ss❛r②✳
❚❤❡ ✜rst ♦❜s❡r✈❛t✐♦♥ ✐♥ t❤✐s ❞✐r❡❝t✐♦♥ ✐s t❤❛t ❛ ❇❛♥❛❝❤ s♣❛❝❡ ❝❛♥ ♥❛t✉r❛❧❧② ❜❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥②
P❈❙✳
✹✳✶ ❆ss♦❝✐❛t✐♥❣ ❛ ❇❛♥❛❝❤ s♣❛❝❡ ✇✐t❤ ❛ P❈❙
✹✳✶✳✶ ❆ ♥♦r♠❡❞ ✈❡❝t♦r s♣❛❝❡✳ ❘❡♠❡♠❜❡r t❤❛t✱ ✐❢ x, y ∈ PX ❛♥❞ λ, µ ∈ R+ ❛r❡ s✉❝❤ t❤❛t λ+µ ≤ 1✱
t❤❡♥ λx + µy ∈ PX✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ x ∈ PX ❛♥❞ λ ∈ [0, 1]✱ t❤❡♥ λx ∈ PX✳ ❆❧s♦✱ ✐t ✐s ♦❜✈✐♦✉s t❤❛t
0 ∈ PX✳
●✐✈❡♥ ❛ P❈❙ X✱ ❧❡t B1X = {u ∈ R|X| | |u| ∈ PX}✳ ❚❤✐s ✐s ❛♥ ❛❜s♦❧✉t❡❧② ❝♦♥✈❡① s✉❜s❡t ♦❢ R|X|✱ t❤❛t
✐s✱ ✐❢ x, y ∈ B1X ❛♥❞ λ, µ ∈ R ❛r❡ s✉❝❤ t❤❛t |λ|+ |µ| ≤ 1✱ t❤❡♥ λx+ µy ∈ B1X✳ ■♥ ♦t❤❡r ✇♦r❞s✱ B1X ✐s
• ❝♦♥✈❡①✱ t❤❛t ✐s ∀u, v ∈ B1X ∀λ, µ ∈ R+ λ+ µ = 1⇒ λu+ µv ∈ B1X
• ❛♥❞ ❜❛❧❛♥❝❡❞✱ t❤❛t ✐s✱ ∀u ∈ B1X ∀λ ∈ R |λ| ≤ 1⇒ λu ∈ B1X✳
▲❡t
eX =
⋃
λ>0
λB1X .
❚❤✐s s❡t ✐s ❛♥ R✲✈❡❝t♦r s♣❛❝❡✳ ❖❜s❡r✈❡ t❤❛t
eX = {u ∈ R|X| | ∃λ > 0∀u′ ∈ PX⊥ 〈|u|, u′〉 < λ} .
■❢ u ∈ eX✱ ✇❡ s❡t
‖u‖X = inf{λ > 0 | |u| ∈ λB1X} ∈ R+ .
❚❤✐s ♥✉♠❜❡r ✐s ✜♥✐t❡ ❜② t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ eX ✭B1X ✐s ❛❜s♦r❜✐♥❣ ✐♥ eX✮✳ ❚❤❡ ❢✉♥❝t✐♦♥ ‖❴‖X ✱ ❛❧s♦
❦♥♦✇♥ ❛s t❤❡ ▼✐♥❦♦✇s❦✐ ❢✉♥❝t✐♦♥❛❧ ✭♦r ❣❛✉❣❡✮ ♦❢ B1X✱ ✐s ❛ s❡♠✐✲♥♦r♠✱ ❛❣❛✐♥ ❜❡❝❛✉s❡ B1X ✐s ❛❜s♦❧✉t❡❧②
❝♦♥✈❡①✳ ❲❡ ❤❛✈❡
‖ea‖X = cX(a)−1 .
■♥❞❡❡❞✱ cX(a)ea ∈ PX✱ t❤❛t ✐s ea ∈ cX(a)−1PX ❛♥❞ ❤❡♥❝❡ cX(a)−1 ≥ ‖ea‖X ✳ ❈♦♥✈❡rs❡❧②✱ ✐❢ λ > ‖ea‖X ✱
t❤❡♥ ea ∈ λPX✱ t❤❛t ✐s λ−1ea ∈ PX✱ ❛♥❞ ❤❡♥❝❡ λ−1 ≤ cX(a)✳ ❚❤❡r❡❢♦r❡ cX(a)−1 ≤ ‖ea‖X ✳
❖❜s❡r✈❡ ❛❧s♦ t❤❛t ‖❴‖X ✐s ❛ ♥♦r♠ ♦♥ eX✳ ■♥❞❡❡❞✱ ❧❡t u ∈ eX ❛♥❞ ❛ss✉♠❡ t❤❛t ‖u‖X = 0✱ t❤❛t ✐s
∀λ > 0 |u| ∈ λPX✳ ▲❡t a ∈ |X|✳ ❙✐♥❝❡ πa(PX) ⊆ R+ ✐s ✉♣♣❡r✲❜♦✉♥❞❡❞ ❜② cX(a)✱ ✇❡ ❤❛✈❡ |ua| ≤ λcX(a)
❢♦r ❛❧❧ λ > 0✳ ❙♦ u = 0✳ ❍❡♥❝❡ (eX, ‖❴‖X) ✐s ❛ ♥♦r♠❡❞ s♣❛❝❡ ❛♥❞ t❤❡ ✉♥✐t ❜❛❧❧ ♦❢ ‖❴‖X ✐s B1X✳
▲❡t u′ ∈ B1X⊥✳ ▲❡t u ∈ eX ❛♥❞ ❧❡t λ > ‖u‖X ✳ ❲❡ ❤❛✈❡ u ∈ λB1X ❛♥❞ ❤❡♥❝❡ t❤❡ s✉♠
∑
a∈|X| |uau′a|
❝♦♥✈❡r❣❡s t♦ ❛ ✈❛❧✉❡ ✇❤✐❝❤ ✐s ≤ λ✳ ❙♦ t❤❡ s✉♠
〈u, u′〉 =
∑
a∈|X|
uau
′
a
✐s ✇❡❧❧ ❞❡✜♥❡❞ ❛♥❞ s❛t✐s✜❡s |〈u, u′〉| ≤ ‖u‖X ✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡
‖u‖X = sup
u′∈B1X⊥
|〈u, u′〉| . ✭✻✮
▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❣✐✈❡♥ u ∈ eX ❛♥❞ u′ ∈ eX⊥✱ ♦♥❡ ❤❛s ∑a∈|X| |uau′a| < ∞ ❛♥❞ s♦ t❤❡ s✉♠ 〈u, u′〉 =∑
a∈|X| uau
′
a ❝♦♥✈❡r❣❡s ❛♥❞ ✇❡ ❤❛✈❡
|〈u, u′〉| ≤ ‖u‖X‖u′‖X⊥ . ✭✼✮
❚❤❡r❡❢♦r❡✱ ❢♦r ❛♥② ❣✐✈❡♥ u′ ∈ eX⊥✱ t❤❡ ♠❛♣ u 7→ 〈u, u′〉 ✐s ❛ ❝♦♥t✐♥✉♦✉s ❧✐♥❡❛r ♠❛♣ ❢r♦♠ eX t♦ R
✭❛♥❞ s♦ ✐t ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✮✳ ❚❤❡ ♠❛♣ u 7→ |u| = (|ua|)a∈|X| ❢r♦♠ eX t♦ eX ✐s ❛❧s♦ ✉♥✐❢♦r♠❧②
❝♦♥t✐♥✉♦✉s✱ ❜❡❝❛✉s❡ ‖|v| − |u|‖X ≤ ‖v − u‖X ❢♦r ❛♥② u, v ∈ eX✳
✷✹
✹✳✶✳✷ ❈♦♠♣❧❡t❡♥❡ss✳ ❲❡ s❤♦✇ t❤❛t eX ✐s ❝♦♠♣❧❡t❡✳ ❙♦ ❧❡t (u(n))n∈N ❜❡ ❛ ❈❛✉❝❤② s❡q✉❡♥❝❡ ✐♥ eX✳
❋♦r ❛♥② a ∈ |X|✱ t❤❡ ♠❛♣ πa ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✱ ❛♥❞ ❤❡♥❝❡ t❤❡ s❡q✉❡♥❝❡ (u(n)a)n∈N ✐s ❈❛✉❝❤② ✐♥
R ❛♥❞ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ ua ∈ R✳ ▲❡t u = (ua)a∈|X|✳
❙✐♥❝❡ v 7→ ‖v‖X ✐s ✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s✱ t❤❡ s❡q✉❡♥❝❡ ‖u(n)‖X ✐s ❈❛✉❝❤② ❛♥❞ ✐s t❤❡r❡❢♦r❡ ✉♣♣❡r✲
❜♦✉♥❞❡❞ ❜② s♦♠❡ λ > 0✳
❲❡ ✇❛♥t ✜rst t♦ s❤♦✇ t❤❛t u ∈ eX✱ t❤❛t ✐s✱ |u| ∈ eX✳ ▲❡t u′ ∈ PX⊥✳ ❚❤❡♥ (|u(n)|u′)n∈N ❝♦♥✈❡r❣❡s
♣♦✐♥t✇✐s❡ t♦ |u|u′ ✐♥ R|X| ❛♥❞ s✐♥❝❡ (|u(n)|)n∈N ✐s ❈❛✉❝❤②✱ t❤❡ s❡q✉❡♥❝❡ (〈|u(n)|, u′〉)n∈N ❝♦♥✈❡r❣❡s t♦
s♦♠❡ λ(u′) ∈ R+✳ ❇✉t ∀n 〈|u(n)|, u′〉 ≤ ‖u(n)‖X ≤ λ ❛♥❞ ❤❡♥❝❡ λ(u′) ≤ λ✳ ❆♣♣❧②✐♥❣ ❋❛t♦✉✬s ▲❡♠♠❛
t♦ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❢❛♠✐❧✐❡s (|u(n)|u′)n∈N ✭❝♦♥s✐❞❡r❡❞ ❛s ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ |X| ❡q✉✐♣♣❡❞ ✇✐t❤
t❤❡ ❞✐s❝r❡t❡ ♠❡❛s✉r❡✮✱ ✇❡ ❤❛✈❡ λ(u′) = limn∈N〈|u(n)|, u′〉 = 〈|u|, u′〉 ❛♥❞ ❤❡♥❝❡ ∀u′ ∈ PX⊥ ♦♥❡ ❤❛s
〈|u|, u′〉 ≤ λ✳ ❚❤✐s s❤♦✇s t❤❛t u ∈ eX✳
❖♥❡ ♣r♦✈❡s ❧❛st t❤❛t u(n)→ u✳ ▲❡t w(n) = u(n)− u✱ ✇❡ ♠✉st ❝❤❡❝❦ t❤❛t ‖w(n)‖X → 0✳ ❲❡ ❤❛✈❡
• ∀a ∈ |X| limn→∞ w(n)a = 0
• ❛♥❞ (w(n))n∈N ✐s ❈❛✉❝❤②✳
❙♦ t❤❡ s❡q✉❡♥❝❡ (‖w(n)‖X)n∈N ✐s ❈❛✉❝❤② ✐♥ R ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥✈❡r❣❡s t♦ s♦♠❡ λ ∈ R+✳ ❆ss✉♠❡ t♦✇❛r❞s
❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t λ > 0✳ ❯♣♦♥ ❝✉tt✐♥❣ ♦✛ ❛♥ ✐♥✐t✐❛❧ s❡❣♠❡♥t ♦❢ t❤❡ s❡q✉❡♥❝❡ (w(n))n∈N✱ ✇❡ ❝❛♥
❛ss✉♠❡ t❤❛t ∀n ∈ N ‖w(n)‖X ≥ λ/2✳ ❚❤❡r❡❢♦r❡
∀n ∈ N ∃u′ ∈ PX⊥ 〈|w(n)|, u′〉 ≥ λ/3 .
❙✐♥❝❡ (w(n))n∈N ✐s ❈❛✉❝❤②✱ t❤❡r❡ ❡①✐sts N ∈ N s✉❝❤ t❤❛t ∀n ≥ N ‖w(N)− w(n)‖X ≤ λ/6✱ t❤❛t ✐s
∀n ≥ N ∀u′ ∈ PX⊥ 〈|w(N)− w(n)|, u′〉 ≤ λ/6 .
▲❡t u′ ∈ PX⊥ ❜❡ s✉❝❤ t❤❛t 〈|w(N)|, u′〉 ≥ λ/3✳ ❋♦r n ≥ N ✱ ✇❡ ❤❛✈❡
〈|w(N)|, u′〉 − 〈|w(N)− w(n)|, u′〉 ≥ λ/6 .
▲❡t I ⊆ |X| ❜❡ ✜♥✐t❡ ❛♥❞ s✉❝❤ t❤❛t ∑a∈|X|\I |w(N)a|u′a ≤ λ/12✳ ❚❤❡♥ ✇❡ ❤❛✈❡∑
a∈I
|w(N)a|u′a − 〈|w(N)− w(n)|, u′〉 ≥ λ/12
❛♥❞ ❤❡♥❝❡
hn =
∑
a∈I
(|w(N)a| − |w(N)a − w(n)a|)u′a ≥ λ/12 .
❇✉t s✐♥❝❡ I ✐s ✜♥✐t❡ ❛♥❞ ∀a ∈ I limn→∞ w(n)a = 0✱ ✇❡ ❤❛✈❡ limn→∞ hn = 0✱ ❝♦♥tr❛❞✐❝t✐♦♥✳
❚♦ s✉♠♠❛r✐③❡✱ ✇❡ ❝❛♥ st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
❚❤❡♦r❡♠ ✹✶ ❋♦r ❛♥② P❈❙ X✱ t❤❡ ♥♦r♠❡❞ ✈❡❝t♦r s♣❛❝❡ (eX, ‖❴‖X) ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✳
❚❤❡ ❇❛♥❛❝❤ s♣❛❝❡ e(1N
+
) ✐s l∞ ❛♥❞ e(1(N
+)) ✐s l1✳ ❖❢ ❝♦✉rs❡✱ ✇❡ ✇♦✉❧❞ ❡①♣❡❝t e(X⊥) t♦ ❜❡ t❤❡
t♦♣♦❧♦❣✐❝❛❧ ❞✉❛❧ ♦❢ eX✱ ❜✉t t❤❡s❡ t✇♦ ❡①❛♠♣❧❡s s❤♦✇ t❤❛t t❤✐s ✐s ❤♦♣❡❧❡ss s✐♥❝❡ t❤❡ ❞✉❛❧ ♦❢ l∞ ✐s ♠✉❝❤
❧❛r❣❡r t❤❛♥ l1✳ ❚❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s ✇❡❧❧ ❦♥♦✇♥ ❛♥❞ ❝♦♥s✐sts ✐♥ ❝♦♥s✐❞❡r✐♥❣ ✏❞✉❛❧ ♣❛✐rs✑ ♦❢
❇❛♥❛❝❤ s♣❛❝❡s ✐♥st❡❛❞ ♦❢ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❲❡ ❛❞♦♣t t❤❡ ♣r❡s❡♥t❛t✐♦♥ ♦❢ ❬●✐r✾✾❪✱ ❜✉t t❤✐s ✐❞❡❛ ✐s ❛❧r❡❛❞②
❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ✇♦r❦ ♦❢ ❇❛rr ❛♥❞ ❈❤✉ ❬❇❛r✼✾❪✱ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ s❡tt✐♥❣ ✭✇✐t❤♦✉t t❤❡ ❡①♣♦♥❡♥t✐❛❧
❝♦♥str✉❝t✐♦♥ ❤♦✇❡✈❡r✮✳
✹✳✷ ❚❤❡ ❛ss♦❝✐❛t❡❞ ❝♦❤❡r❡♥t ❇❛♥❛❝❤ s♣❛❝❡
■♥ ❬●✐r✾✾❪✱ ❝♦❤❡r❡♥t ❇❛♥❛❝❤ s♣❛❝❡ ✭❈❇❙✮ ✐s ❞❡✜♥❡❞ ❛s ❛ tr✐♣❧❡ E = (E+, E−, 〈❴,❴〉E) ✇❤❡r❡ E+ ❛♥❞ E−
❛r❡ ❇❛♥❛❝❤ s♣❛❝❡s ✭❡❛❝❤ ♦❢ t❤❡♠ ✐s ❣✐✈❡♥ ✇✐t❤ ❛♥ ❡①♣❧✐❝✐t ❝❤♦✐❝❡ ♦❢ ♥♦r♠✱ ‖❴‖+E ❛♥❞ ‖❴‖−E r❡s♣❡❝t✐✈❡❧②✮
❛♥❞ 〈❴,❴〉E ✐s ❛ ❜✐❧✐♥❡❛r ❢♦r♠ E+ × E− → R ✇❤✐❝❤ s❛t✐s✜❡s
∀x ∈ E+ ‖x‖+E = sup
‖x′‖−
E
≤1
|〈x, x′〉E |
∀x′ ∈ E− ‖x‖−E = sup
‖x‖+
E
≤1
|〈x, x′〉E | .
✷✺
❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t✱ ❢♦r ❛♥② P❈❙ X✱ t❤❡ tr✐♣❧❡ cbs(X) = (eX, eX⊥, 〈❴,❴〉) ✐s ❛ ❈❇❙✳
●✐✈❡♥ t✇♦ ❈❇❙s E ❛♥❞ F ✱ ❛ ❧✐♥❡❛r ♠♦r♣❤✐s♠ ❢r♦♠ E t♦ F ✐s ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♠❛♣ f : E+ → F+
s✉❝❤ t❤❛t t❤❡r❡ ❡①✐sts ❛ ♠❛♣ g : F− → E− s❛t✐s❢②✐♥❣
∀x ∈ E+ ∀y′ ∈ F− 〈f(x), y′〉F = 〈x, g(y′)〉E .
❚❤❡ ♠❛♣ g ✐s t❤❡♥ ❡❛s✐❧② s❡❡♥ t♦ ❜❡ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ ❜② t❤✐s ♣r♦♣❡rt②✱ ❛♥❞ t♦ ❜❡ ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r
♠❛♣ F− → E−❀ ✐t ✐s ❝❛❧❧❡❞ t❤❡ tr❛♥s♣♦s❡ ♦❢ f ❛♥❞ ❞❡♥♦t❡❞ ❛s tf ✳
●✐✈❡♥ t✇♦ P❈❙s X ❛♥❞ Y ❛♥❞ ❛ ♠❛tr✐① w ∈ e(X ⊸ Y )✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♠❛♣ fun(w) : eX → eY ✐s ❛
❇❈❙ ♠♦r♣❤✐s♠ ❢r♦♠ cbs(X) t♦ cbs(Y )✳ ■t ✐s ❝❧❡❛r ♠♦r❡♦✈❡r t❤❛t t❤❡ ♦♣❡r❛t✐♦♥ w 7→ fun(w) ✐s ❢✉♥❝t♦r✐❛❧✳
❆ ♥❛t✉r❛❧ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤✐s ❢✉♥❝t♦r ✐s ❢✉❧❧✱ ❛♥❞ t❤❡ ❛♥s✇❡r ✐s ♥❡❣❛t✐✈❡✱ ❛s s❤♦✇♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣
❝♦✉♥t❡r✲❡①❛♠♣❧❡ ❞❡r✐✈❡❞ ❢r♦♠ ❬❊❤r✵✷❪✳
✹✳✷✳✶ ❆ ❝♦✉♥t❡r✲❡①❛♠♣❧❡✳ ▲❡t X = 1N
+
❛♥❞ Y = 1(N
+) = X⊥✱ s♦ t❤❛t eX = l∞(N+) ❛♥❞ eY =
l1(N+)✳
❋♦r ❡❛❝❤ p ∈ N✱ ❧❡t (P (p)j )j=1,...,4p ❜❡ ❛♥ ❡♥✉♠❡r❛t✐♦♥ ♦❢ P({1, . . . , 2p})✳ ▲❡t ϕ : N → N+ ❜❡ t❤❡
❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❜② ϕ(p) = 40 + · · ·+ 4p = 4p+1−13 ✳ ❲❡ ❡①t❡♥❞ t❤✐s ❢✉♥❝t✐♦♥ ❛s ❛ ❢✉♥❝t✐♦♥ ❢r♦♠ N− 1 t♦
N ❜② s❡tt✐♥❣ ϕ(−1) = 0✳ ❚❤❡♥ ✇❡ ❤❛✈❡✱ ❢♦r ❛❧❧ p ∈ N✱
ϕ(p)− ϕ(p− 1) = #P({1, . . . , 2p}) .
❋♦r ❛♥② j ∈ N+✱ t❤❡r❡ ✐s ❛ ✉♥✐q✉❡❧② ❞❡t❡r♠✐♥❡❞ p ∈ N− 1 s✉❝❤ t❤❛t ϕ(p) + 1 ≤ j < ϕ(p+ 1)✳ ❚❤✐s p
✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❛s ψ(j)✳ ❲❡ ❤❛✈❡ ψ(1) = 0✱ ψ(2) = · · · = ψ(5) = 1✱ ψ(6) = · · · = ψ(21) = 2 ❡t❝✳
▲❡t A ∈ RN+×N+ ❜❡ t❤❡ ♠❛tr✐① ❞❡✜♥❡❞ ❜②
Ai,j =


1
p24p ✐❢ 1 ≤ i ≤ 2p ❛♥❞ i ∈ P (p)j ✱ ✇❤❡r❡ p = ψ(j)
−1
p24p ✐❢ 1 ≤ i ≤ 2p ❛♥❞ i /∈ P (p)j ✱ ✇❤❡r❡ p = ψ(j)
0 ♦t❤❡r✇✐s❡
❚❤❡♥ |A| /∈ P(X ⊸ Y ) s✐♥❝❡✱ ❞❡♥♦t✐♥❣ ❜② u t❤❡ ❡❧❡♠❡♥t ♦❢ PX = PY ⊥ ✇❤✐❝❤ ✐s ❞❡✜♥❡❞ ❜② ∀i ui = 1✱ ✇❡
❤❛✈❡
〈|A| · u, u〉 =
∞∑
j=1
1
ψ(j)24ψ(j)
∑
1≤i≤2ψ(j)
1
=
∞∑
j=1
2
ψ(j)4ψ(j)
=
∞∑
p=1
∑
ψ(j)=p
2
ψ(j)4ψ(j)
=
∞∑
p=1
4p
2
p4p
=∞
s✐♥❝❡ #{j | ψ(j) = p} = 4p✳ ❚❤✐s s❤♦✇s t❤❛t εA /∈ e(X ⊸ Y )✱ ❢♦r ❛❧❧ ε > 0✳
❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❧❡t u ∈ B1X✱ t❤❛t ✐s u ∈ RN+ ✇✐t❤ ∀i |ui| ≤ 1✳ ❚❤❡♥ ✇❡ ❤❛✈❡
‖A · u‖Y =
∞∑
j=1
∣∣∣∣∣
∞∑
i=1
Ai,jui
∣∣∣∣∣
=
∞∑
p=1
∑
ψ(j)=p
∣∣∣∣∣
∞∑
i=1
Ai,jui
∣∣∣∣∣
=
∞∑
p=1
1
p24p
∑
ψ(j)=p
∣∣∣∣∣
2p∑
i=1
η(i, j, p)ui
∣∣∣∣∣
✷✻
✇❤❡r❡ η(i, j, p) = 1 ✐❢ i ∈ P (p)j ❛♥❞ η(i, j, p) = −1 ✐❢ i /∈ P (p)j ✳ ▲❡t Ip = {1, . . . , 2p} ❛♥❞ ❧❡t
Sp =
∑
ψ(j)=p
∣∣∣∣∣
2p∑
i=1
η(i, j, p)ui
∣∣∣∣∣
=
∑
J⊆Ip
∣∣∣∣∣∣
∑
i∈J
ui −
∑
i∈Ip\J
ui
∣∣∣∣∣∣ .
❯s✐♥❣ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❛♥② a ∈ R✱ t❤❡ ❢✉♥❝t✐♦♥ x 7→ |x− a|+ |x+ a| ✐s ♠♦♥♦t♦♥❡ ♦♥ R+✱ ✇❡ ❣❡t
Sp ≤
∑
J⊆Ip
|#J −#Ip \ J |
=
2p∑
k=0
(
2p
k
)
|2k − 2p| = 4
p∑
k=0
(p− k)
(
2p
k
)
= 2p
(
2p
p
)
.
❚❤❡ ❧❛st ❡q✉❛❧✐t② ❝❛♥ ❜❡ ♣r♦✈❡❞ ✉s✐♥❣ ❡✳❣✳ t❤❡ ❢❛❝t t❤❛t k
(
2p
k
)
= (2p− k + 1)( 2p
k−1
)
❢♦r k = 1, . . . , 2p✳ ❇②
❙t✐r❧✐♥❣ ❢♦r♠✉❧❛✱ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0 s✉❝❤ t❤❛t p
(
2p
p
) ∼ C4p√p ❛♥❞ ❤❡♥❝❡ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t C > 0
s✉❝❤ t❤❛t ∀p p(2p
p
) ≤ C4p√p✳ ▲❡t D =∑∞p=1 1p√p < ∞✳ ❲❡ ❤❛✈❡ ‖A · u‖Y ≤ CD ❢♦r ❛❧❧ u ∈ B1X✳ ▲❡t
f : eX → eY ❜❡ t❤❡ ♠❛♣ ❞❡✜♥❡❞ ❜② f(u) = A · u✱ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t f ✐s ❛ ❜♦✉♥❞❡❞ ❧✐♥❡❛r ♠❛♣✱ ❛♥❞
t❤❛t f ✐s ❛ ♠♦r♣❤✐s♠ ❢r♦♠ cbs(X) t♦ cbs(Y )✳
■❢ t❤❡r❡ ✇❡r❡ s♦♠❡ w ∈ e(X ⊸ Y ) s✉❝❤ t❤❛t f = fun(w)✱ ✇❡ ✇♦✉❧❞ ♥❡❝❡ss❛r✐❧② ❤❛✈❡ w = A✱ s♦ s✉❝❤
❛ w ❝❛♥♥♦t ❡①✐st✱ ❛♥❞ ✇❡ ❤❛✈❡ s❤♦✇♥ t❤❛t t❤❡ ♠❛♣♣✐♥❣ w 7→ fun(w) ✐s ♥♦t s✉r❥❡❝t✐✈❡ ♦♥t♦ t❤❡ s♣❛❝❡ ♦❢
♠♦r♣❤✐s♠s ❢r♦♠ cbs(X) t♦ cbs(Y )✳
✹✳✷✳✷ ❯s✐♥❣ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❇❛♥❛❝❤ s♣❛❝❡s❄ ❚❤✐s ❝♦✉♥t❡r✲❡①❛♠♣❧❡ s❤♦✇s t❤❛t ♣♦s✐t✐✈✐t② ♠✉st
♣❧❛② ❛♥ ❡ss❡♥t✐❛❧ r♦❧❡ ✐❢ ✇❡ ✇❛♥t t♦ ❤❛✈❡ ❛ ♠♦r❡ ❛❜str❛❝t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s ♦❢ P❈❙s✱ ❛s
❜♦✉♥❞❡❞ ❧✐♥❡❛r ♠❛♣s ❜❡t✇❡❡♥ ❇❛♥❛❝❤ s♣❛❝❡s✳ ❋♦rt✉♥❛t❡❧②✱ t❤❡r❡ ❛r❡ ❢❛✐r❧② st❛♥❞❛r❞ ♥♦t✐♦♥s ♦❢ ♣❛rt✐❛❧❧②
♦r❞❡r❡❞ ❇❛♥❛❝❤ s♣❛❝❡ t❤❛t s❡❡♠ q✉✐t❡ s✉✐t❛❜❧❡ t♦ t❤✐s ❣♦❛❧✳ ❆♥♦t❤❡r ❛♣♣r♦❛❝❤ ❝♦✉❧❞ ❝♦♥s✐st ✐♥ ✉s✐♥❣ t❤❡
♥♦t✐♦♥ ♦❢ ❘✐❡s③ s♣❛❝❡✱ ✇❤✐❝❤ ❛r❡ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ r❡❛❧ ✈❡❝t♦r s♣❛❝❡s ✇❤❡r❡ ❛♥② t✇♦ ❡❧❡♠❡♥ts ❤❛✈❡ ❛ ❧✉❜✳
❆ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❇❛♥❛❝❤ s♣❛❝❡ ✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡ E ❡q✉✐♣♣❡❞ ✇✐t❤ ❛ ♣♦s✐t✐✈❡ ❝♦♥❡✱ t❤❛t ✐s✱ ❛ s❡t
C ⊆ E s✉❝❤ t❤❛t
• 0 ∈ C❀
• λx+ µy ∈ C ❛s s♦♦♥ ❛s x, y ∈ C ❛♥❞ λ, µ ∈ R+❀
• ❛♥❞ ✐❢ x, y ∈ C ❛♥❞ x+ y = 0✱ t❤❡♥ x = y = 0✳
❚❤❡ r❡❛s♦♥ ❢♦r t❤❡ t❡r♠✐♥♦❧♦❣② ✐s t❤❛t ♦♥❡ ❞❡✜♥❡s ❛ ♣❛rt✐❛❧ ♦r❞❡r r❡❧❛t✐♦♥ ♦♥ E ❜② s❡tt✐♥❣ x ≤ y ✐✛
y − x ∈ C✳ ❖❢ ❝♦✉rs❡✱ ❛ ♣♦s✐t✐✈❡ ❧✐♥❡❛r ♠❛♣ ❢r♦♠ ❛ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❇❛♥❛❝❤ s♣❛❝❡ E t♦ ❛ ♣❛rt✐❛❧❧②
♦r❞❡r❡❞ ❇❛♥❛❝❤ s♣❛❝❡ F ✐s ❛ ❧✐♥❡❛r ♠❛♣ ✇❤✐❝❤ s❡♥❞s t❤❡ ♣♦s✐t✐✈❡ ❝♦♥❡ ♦❢ E ✐♥ t❤❡ ♣♦s✐t✐✈❡ ❝♦♥❡ ♦❢ F ✳
■t ✐s ❝❧❡❛r t❤❛t✱ ❢♦r ❛♥② P❈❙ X✱ t❤❡ ❇❛♥❛❝❤ s♣❛❝❡ eX ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ s✉❝❤ ❛ ❝♦♥❡ C ✭t❤❡ ❡❧❡♠❡♥ts
x ♦❢ eX s✉❝❤ t❤❛t ∀a ∈ |X|xa ≥ 0✮✱ ✇❤✐❝❤ ✐s ♠♦r❡♦✈❡r ❝❧♦s❡❞ ❛♥❞ ❣❡♥❡r❛t✐♥❣ ✭t❤❛t ✐s C −C = eX✮✱ ❛♥❞
❛❞❞✐t✐♦♥❛❧ ♣r♦♣❡rt✐❡s ❛r❡ s❛t✐s✜❡❞✱ r❡❧❛t✐♥❣ t❤❡ ♥♦r♠ ♦❢ eX ❛♥❞ t❤❡ ❝♦♥❡✳
❚❤❡ ♥❡①t st❡♣ ✇♦✉❧❞ ❜❡ ♥♦✇ t♦ ✐♥tr♦❞✉❝❡ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ❈❇❙s ✭❈❇❙s ✇❤❡r❡ ❜♦t❤ ❇❛♥❛❝❤ s♣❛❝❡s
❛r❡ ❡q✉✐♣♣❡❞ ✇✐t❤ ♣♦s✐t✐✈❡ ❝♦♥❡s✱ s❛t✐s❢②✐♥❣ s✉✐t❛❜❧❡ ❛①✐♦♠s✱ st✐❧❧ t♦ ❜❡ ❞✐s❝♦✈❡r❡❞✮ s♦ t❤❛t t❤❡ ♦❜t❛✐♥❡❞
❝❛t❡❣♦r② ❜❡ ❛ ♠♦❞❡❧ ♦❢ ❧✐♥❡❛r ❧♦❣✐❝✱ ❛♥❞ s♦ t❤❛t t❤❡ P❈❙ ♠♦r♣❤✐s♠s ❢r♦♠ ❛ P❈❙ X t♦ ❛ P❈❙ Y ❜❡
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